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This document provides supplementary material to [I]. Therefore, it should
not be considered a self-contained document, but instead regarded as an ap-
pendix of [I]. Throughout this report, all notations and definitions are with
compliance to the ones presented in [I].

1 Proof Theorem 2

Denote by € € Uepar (o, P(zri1|br,ar)) and & € Uepar (o, P(2141|br, ar)) the
optimal risk ratios, considering the corresponding risk envelopes,

CVaRa(H(bry1) | brr ar) = min - B., , [€(zh41)H (1) [br, ax] =
E€Ucvar (o,P(2k41]|bk,ak))

E2k+1[g(zk-i-l)H(Bk-i—l)wk?ak]a
CVaRo(H(by1)|bk, ar) = min B, [6(ze1)H(bryr) bk, ax] =

E€Ucvar (a,P(241]bk,ak))
sy, (67 (zha ) H (brgr) b, ai].

Lower bound
We use the dual form and Lemma [2| to prove the lower bound,

OVaRa(H(bis) | b ar) — CVaRa (H(bysn) | by ar) = (1)
Ezk+1(g(zk-'rl)%(ﬁ(xk'i'lwk?akaZk-‘rl)) - E (€ (zop1)H(P(2pr1|br, ar, 2641))) =
o Lemma 2
(2)
Eoppr (€(zri ) H(P(zr1|brs aks 2641)) — B (E(zrsn)H(P(2rsa|br, ax, z641))),
Zk41
(3)

where we use I@’(xk+1|l;k,ak,zk+1) to explicitly denote the dependence of the
particle belief Bk+1 on l;k,ak and zp4+1 (and similarly for P(xk+1|l3k,ak,zk+1)

and by1).
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We now plug-in the entropy estimator ((34)) in the main paper)
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Using the inequality log(z) < z — 1,Vz > 0,

- < -— Fot al t i i Z(Zk-s-1|5”k-~-1)Z:fY 1Z(ZZ+1|$§/)QI2I
—Nk+1 Z Z £(z141) Z Z(2k 41|kt 1)k - log( ~ 7 7 ) >
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c K- N 7 (5t i N t i’ i’
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Upper bound
‘We now prove the upper bound:
CVaRa(H(Bk+1) | bk,ak) - CVaRa(H(bk+1) | bk,ak) = (6)

Eersr (€2 ) HP (@t bk, an, zi1)) — Zgl(f*(zk+l)7'[(@($k+l|gk;akazk+1))) =

(7)

Z(ZITH |‘T§c+1) Z;V:1 T(“ﬁcﬂ |93?w ak)qi
29;1 Z(Z?+1|$Z+1)qz

M N
— k41 Z &(zi1) Z 221 [ g1 ), log( )+
m=1 i=1
(8)
N

mo1 p Z(Zl::n—&-l ‘1’24-1) ZN:1 T(x?c+1 |39}ca ak)‘li
Mhe+1 Z (21 ZZ(Zk+1|$k+1)Qk log( N ]m 7 7 )-
m=1 i=1 D=1 Z(Zk+1‘xk+1)qk
(9)

We select a general element ¢ from the risk envelope Ucvar(a,lp(z,’cnﬂmk,ak)).
Since a risk measure involves solving a minimization problem over this envelope,
considering a general element within the risk envelope makes the entire expres-
sion larger. Additionally, we define h(m) = [£] + 1 for a general integer m. We
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define g as follows and then prove it indeed belongs to Ueyar(av, P(Zﬂrﬂzk, ak)):

K-h(m % 7
mo\ A t:K(.(h)(m)q)Hg (2s 1) P (241 |k k)
9(z141) = K-h(m) )

— (10)
t=K-(h(m)—1)+1 P(2) 1110k ar)

We now prove that g(z}" ;) € Uevar(c, P2} |br, ax)):
K-h(m * 7
& moNBm (T pv K((h(m) 1 +1f (ths+1)P(Zitc+1|bk7ak)
9(21 1) P24 |br, ar) = Z Khm) —
m=1 m=1 Zt:K~(h(m)—1)+1 P(Zk+1|bk»ak)
K-h(m * 7
poH K<(h(m —1)+1 3 (thc+1)p(zltc+1|bk7ak)

K-h(m i N P - -
Zt:K(.(;B(m)_l)+1 Zi:1 2zl 1) 2250 T(@g |73, )y,

P(ziy1 bk, ar) =

M=M=

N
Z (%1 |ht) ZT Thpr |l ar)q) =
=1 Jj=1
K-h 7
i/[: Zz:}{(.znh)(m),DJrlg (Zk+1) (thﬁ-llbk?ak) )
K-h( N N ; - -
m=1 2it=K 7(nh>(m)71)+1 >it1 Z(Z | 41) > i1 Ty |y, an) gy,
K-h(m) N
= Z Z Z(2s1|Tis) ZT Thp|2h, an)ql, =
i=1t=K-(h(m)—1)+1 Jj=1
Mo K-h(m)
Z - Z 5*(zi+1)]}”(zi+1|bk,ak) =1,
m t=K-(h(m)—1)+1
and
K-h(m ; K-h(m) :
pom K(A(h)(m)_l)_‘_lf (2k41)P (thq+1|bk7ak) 1 pom K-(h(m)—1)+1 P(2511/br ax) 1
9(zk) = K-h(m) P b = q x~K-h(m) Pt b T o
Dotk -(h(m)—1)+1 P (kg1 [0k, ax) 2= k- (h(my—1)+1 P (Zhpa b ax)

(11)

To conclude, we showed that Zi‘f:l g(zZ’+1)]fD(z,’€’1+l|§k, ar) =1land g(z]" ) < L.

Therefore, according to (LI)), g(z}7 ) € Uevar(ov, P(2]" by, ax)).
Referring to (6]), we now take notice that log( i ‘w’}\,“) 25=1 (f,k“lﬁk @) ) <

vo1 20w )

0, as the log of a discrete probability distribution. By replacing the optimal risk

ratio f(zﬁl) € Ueyar (@, I@(zﬂ_ﬂgk, ay)) with the risk ratio (27 ;) € Ucvar(c, P(Z,TH b, ax)),

in @, we get the bound

CVaRa(H(brsr) | by ar) — OVaRa(H(ber1) | br,ar) < (12)

2 2 2 w) L T |2k, an) gl
—Tk+1 Z g(Z:Z”H)ZZ(Z?HIwiﬂ)qi log( S 7 L )+
(13)

m=1 i=1 i'=1 (len+1|“"g+1)qg

N m i N i i j

m i i Z(zi4a|whgn) 205y T(whpa |2k, ax)qy,
Th+1 Zf 21) Y Z(2 |wh1 ) gk log( 7 :
D i1 Z(zk+1|$k+1)Qk

m=1 i=1

(14)
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We now look at one of the clusters (without loss of generality, at the first one,
i.e. m = 1), plug-in the definition of the abstraction observation model , and
define a matrix notation of the cluster,

iy € ()P |Brs ar) S s 167P17Z
9(z1 )ZZ Zk+1|97k+1) g = ==L bl bl ZZ Zk+1‘$k+1 palE P 2

k b)
Et:l (Zk+1|bk7 ax) K 1Tp

(15)
where ) N _ _ .
f*(zkﬂ) Zizl Z(Ziiﬂ‘l’}cﬂ)q;c P(2i+1|bk7 ax) 1
6 é ' 7Zq é ' 7P é ' 71 é '
f*(zlﬁl) Zfil Z(Zlﬁl‘a??cﬂ)% P(Zlﬁirl'i)kv ax) 1
(16)
We apply
1¢TP1TZ 1 Tp1Tz 1 tr(P17 T 1
K 1Tp K tr(17TP) K tr(lTP) K
(17)

Hence, we re-write (|13 as

M N Soom | N i i j

_ “m moi 22K Thg1) 20521 T(@hqa |2k, ar)gy,
—Tk+1 Z £ (zx41) Z Z(zg 41 |zk+1)qn log( N = 1 %
m=1 i=1 Zz/ 1 Z(Zk+1 |$k+1)Qk

(18)

N m i N i i J
* Z(Zk+1|$k+1) > T($k+1|$lm ak)qk
Mkt 1 Zf (21%1) ZZ Zk+1|1’k+1 Qk log( I Jml I o )=
m=1 i=1 Zz’ 1 Z(Zk+1‘xk+1)‘1k
M N ;
_ " ; ; Z (21| Then)
Teer 3 € (201) 30 2 |whs1) gl log (it t Tkt t)
m=1

_ ; )+
o Z(Zk+1|xk+1)

(a)

N N ; i
m i i i= Z (211 |Th 1) s

Th+1 Z € (2151) Z (21411 41) gk log(ZA?l = I;H f“ I:)
i=1 21:1 Z(Zk+1|xk+1)%

(®)

We now treat the terms (a) and (b) separately, starting with (a):
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m=1 =1
al Z(2 |k )
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For term (b), we utilize the Jensen’s inequality,

= YN 2o T )i
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Z(%ﬁl@iﬂ)‘]i)-

= log(7k-+1 Z € (2i41)

m=1

HMZ

We again look at one of the clusters in matrix notations (without loss of gener-
ality, at the first),

1 1
2 tr(178)(2"1)) < Ztr(€a )tr(117) = tr(ga"). (19)
Hence, for the term (b) we get,
M N M N ) )
log(Ms1 Y € (21%1) D Z(=i k1)) < log(Mer Y €°(21%1) Y Z(2ka |whi1)gk) = O,
m=1 =1 m=1 1=1

(20)

Therefore, 0 < C’VaRa(’H(zkH) | by, ag) — CVaRe (H(bgsr) | by, ax) < log(K).
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