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Abstract

Planning under uncertainty in partially observable domains, often formulated as Par-
tially Observable Markov Decision Processes (POMDPs), is an exceedingly difficult
problem. Finding the globally optimal solution is intractable for all but the smallest
problems as it requires reasoning about realization of the many random variables of
the problem. Thus, tractable bounds with formal guarantees are attractive alternative
to finding a globally optimal solution. In this paper, motivated by this line of rea-
soning, we formulate and prove novel probability theory bounds. First, we bound the
expectation with respect to the partial expectation (seen to be directly proportional
to the conditional expectation) and show that this is a generalization of the Markov
inequality. Second, by merging our novel inequalities with Hoeffding’s inequality, we
compose an additional novel bound, which allows for bounding expectations with re-
spect to estimators of partial expectations. Finally, we apply these bounds to the
context of planning; we prove bounds on the general value function with respect to a
partial observation space or state space. We then bound the conditional entropy with
respect to the partial observation space and finally, with the use of our novel bounds,
leverage the structure of beliefs in POMDPs to allow for reuse in calculations when
eliminating certain realizations of the belief topology.
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Notation and Abbreviations

MCTS Monte Carlo Tree Search
BSP Belief Space Planning
POMDP Partially Observable Markov Decision Process
DA Data Association
SLAM Simultaneous Localization and Mapping
r. v. random variable
pdf probability density function
X State space
Z Observation space
A Action space
T Transition model
O Observation model
R(·) Reward
ρ(·) Expected reward
γ Discount factor
S, T Random variables
S, T Variables
S, T Variable spaces
X State
Xk State at time k

xk Concatenated state variable at time k for smoothing
li ith landmark
Lk Set of landmarks at time k

zi ith observation
Zk Set of observations at time k

ak Action at time k

πk Policy at time k

βk Data association vector at time k

Hk History at time k

H−
k Prior history at time k

bk Belief at time k

b−
k Prior belief at time k
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ηk Bayesian normalizer at time k

P (·) Probability
P (·) Measure
E [·] Expectation
Ê [·] Empirical estimator
B An arbitrary subspace
EB [·] Partial expectation with respect to the subset B
·c Complementary subset
H̄ (·) Simplified entropy
H (·) Entropy
H (· | ·) Conditional entropy
1 {·} Indicator function
LB, UB Lower bound and upper bound respectively
∥·∥p

S p-norm with respect to S

V π(·) Value function following policy π

Qπ(·, ·) Q-function following policy π
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Chapter 1

Introduction

The problem of planning for POMDPs has garnered significant attention in recent
years. The approaches employed in finding a solution to POMDPs vary depending on
if the state, observation or action space are discrete, continuous or a mixture. Finding
a globally optimal solution remains intractable for all but the smallest problems as,
among other things, it requires reasoning about the random variables as defined by the
POMDP. This poses great difficulties for low dimensional settings and is exponentially
more difficult for the high-dimensional setting. Relaxing assumptions on the belief help
but do not completely solve the problem.

To find a tractable solution to the problem, tractable bounds on the reward or value
function, with guarantees, are an attractive alternative to the explicit calculations
required of the optimal solution. Two common inequalities from probability theory
employed in the field of robotics and AI are Markov’s inequality, which allows for lower
bounding the expectation and Hoeffding’s inequality, which bounds the theoretical
expectation and a sampling-based estimator of the expectation with some probability.

In this work, we argue that efficient planning originates from efficient probability
theory bounds; we formulate and prove our own novel bounds in probability theory.
We begin by defining the concept of partial expectation, an operand that is directly
proportional to the conditional expectation. We then formulate a bound between expec-
tation and the partial expectation and discuss the computation complexity associated
with the partial expectation. Leveraging these bounds, we go on to formulate novel
probabilistic bounds that incorporate Hoeffding’s inequality. These bounds allow the
expectation to be bounded with respect to an estimator, not of the expectation, but
of the conditional expectation or the partial expectation. We provide conditions under
which these bounds improve upon Hoeffding’s inequality. To the best of our knowledge,
these bounds have not appeared previously in literature.

Application of our bounds within the framework of planning begins with bounds on
the expected reward, with respect to the observation space. We prove how a general
value function can be bounded in a recursive manner via the use of a partial expec-
tation with respect to the observation space. After the general scenario, we look into
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information theoretical rewards, which are known to be a more challenging problem
than state dependent rewards. In this scenario we formulate bounds on the immediate
expected reward with respect to the observation space, that allows us to bound the
value function. Finally, we consider POMDP/Belief Space Planning (BSP) planning
for problems with structure in their belief. This is characteristic of high-dimensional
state space problems, such as active Simultaneous Localization and Mapping (SLAM).
This setting necessitates reasoning over Data Association (DA) realizations of future
observations, where each realization corresponds to a different belief topology. In this
case we devise novel bounds on the value function that allow for reasoning over only
part of the DA realizations with guarantees.

To summarize, the main contributions of this paper include:

• We formulate and prove novel bounds on expectation, starting with the concept
of partial expectation.

• We formulate and prove novel bounds between theoretical expectation and es-
timators of partial expectation, with conditions for which they improve upon
Hoeffding’s inequality.

• We formulate novel bounds on the value function via reward simplification.

• We formulate novel bounds on the conditional entropy.

• We formulate novel bounds on the Boer’s entropy with greater computational
efficiency.

• We exploit the belief structure present in many POMDP problems to allow for
calculation reuse between rewards of similar topologies.

6



Chapter 2

Related Work

In the context of POMDPs, planning a globally optimal solution is intractable for all
but the smallest problems [PT87]. As a result, recent efforts have focused on tree-
based search algorithms to find asymptotically optimal solutions. POMCP [SV10],
an extension of Monte Carlo Tree Search (MCTS) tailored for unobservable states, is
one of the first particle tree based approaches to solving POMDPs. Building upon
POMCP, subsequent works introduced POMCPOW and PFT-DPW [SK18]. The for-
mer algorithm applies a weighted particle-filter to approximate the belief, the latter
algorithm propagates beliefs, not states, through the tree. These algorithms enable
the handling of belief-dependent rewards, but they face scalability challenges in high-
dimensional belief spaces due to particle representations. DESPOT [YSHL17] and its
successor [GHL19] assume that the value function is a linear function of the belief,
as such its relevance is limited to such value functions that can be well approximated
with piece-wise linear functions (α-vectors), limiting their applicability, especially for
information-theoretical rewards. In [THB21], the authors propose ρ-POMCP(β) which
samples the belief as a ‘bag’ of state particles and propagates them via a particle-
filter. Finally [FT20] proposes IPFT to also address information-theoretical rewards
for POMDPs. Both [THB21; FT20] are hindered by the curse of dimensionality in high-
dimensional states. At the core of these asymptotically optimal algorithms, the use of
Hoeffding’s inequality [Hoe63] is required for the asymptotic convergence. Since [Hoe63]
, many papers [Ben08; FS13; Coh15] have sought to improve upon Hoeffding’s inequal-
ity.

Another class of algorithms seeks to plan with bounds that provide anytime de-
terministic guarantees [BI23]. In [SI22b], the SITH-BSP algorithm utilizes formulated
bounds on belief-dependent rewards to optimize policies more efficiently; however, it is
primarily designed for scenarios with lower-dimensional belief spaces, and the bounds
are specific to entropy-based rewards. AI-FSSS [BI22] is another bound-based algo-
rithm for belief dependent reward. It clusters observations in the tree into groups,
performing the calculations on their mean to improve computational performance. Nev-
ertheless, its applicability is primarily limited to lower-dimensional problems and the
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Boers estimator [BDBM10]. Finally [YI24] addresses the complexity associated with
high-dimensional problems for information gain as the reward and also provides bounds
for the expected reward.

The anytime planning algorithms discussed derive their bounds from probability
theory, often from Jensen’s inequality or Markov’s inequality. Works in probability
theory have sought to improve upon these bounds as well. In [RM23] Markov’s inequal-
ity is generalized for sets of random variables. Finally in [dCas23] the author improves
upon the Markov inequality by using the partial expectation as we have done, although
still assumes that the random variable is non-negative.

8



Chapter 3

Background and Notation

3.1 Probability Theory

In probability theory we denote a r. v. S having a sample space S, a realization S ∈ S
and a subset of the sample space B ⊆ S. We now define the shorthand P (B) ≜
P (S ∈ B) ≡ E [1{S ∈ B}] for probabilities and P (S = S) ≡ P (S) for the probability
density function (pdf). In the case of conditioning we define P (B | T ) ≜ P (S ∈ B | T ).
The expectation over a given pdf P (S) is given by E

S
[·]. We will further define the par-

tial expectation of a r. v. over a subspace B as EB [f(S)] ≜
∫

S P (S) f(S)1{S ∈ B}dS ≡
E [f(S)1{S ∈ B}] ≡ E [f (S) | S ∈ B]P (B). Finally we define the case of condition-
ing also for the partial expectation, EB|T [f(S)] ≜

∫
S P (S | T ) f(S)1{S ∈ B}dS where

P (S | T ) is the conditional distribution.

3.2 POMDP

A ρ-POMDP is given by the tuple (X , Z, A, T , O, b0, ρ), where X , Z, A are the
state space, observation space and action space respectively. T is the transition
model given by P (X ′ = X ′ | X = X, a) and O is the observation model given by
P (Z = Z | X = X). b0 is an initial belief on the state and ρ is a belief dependent
reward. The belief at time k is defined as bk ≜ P (Xk | Hk), where Hk ≜ {a0:k−1, Z1:k}
is the history at time k, we additionally define the prior belief as b−

k ≜ P
(
Xk | H−

k

)
where H−

k ≜ Hk−1 ∪ {ak}.
At planning time k, the agent will need to perform a Bayesian update of the

belief. This is done in two steps: a propagation step, and an update step. The
former is given by b−

k+1 =
∫

P (Xk+1 | Xk, ak) bkdXk or b−
k+1 = P (Xk+1 | Xk, ak) bk

for the recursive or smoothing scenarios respectively. The update step is given by
bk+1 = η−1

k+1P (Zk+1 | Xk+1) b−
k+1, where ηk ≜ P

(
Zk | H−

k

)
is the normalizer. In the

smoothing scenario the belief is over the joint states, ⋃k
i=0 Xi.
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Given some policy π, belief bk and horizon L, the value function is given by

V π(bk) =
k+L−1∑

l=k

γl−k E
Z:l+1

[ρ (bl, πl, bl+1)] , (3.1)

where πk(bk) ≡ πk and Zk+1:l+1 ≡ Z :l+1 for brevity. Alternatively, the Bellman repre-
sentation yields

Qπ(bk, ak) = E
Zk+1

[ρ (bk, ak, bk+1)] + γ E
Zk+1

[V π(bk+1)] , (3.2)

where V π(bk) = Qπ(bk, πk).
Often, when discussing uncertainty, information theoretical rewards are employed.

Of these rewards the most common is entropy (H (X ) = − E
X

[log P (X )]). Explicitly,
the expected reward ( E

Zk+1|bk,πk

[ρ (bk, πk, bk+1)]) takes the form of

− E
Zk+1|bk,πk

[
E

Xk+1|Zk+1,bk,πk

[log P (Xk+1 | Zk+1, bk, πk)]
]

,

which corresponds to the conditional entropy, H
(
Xk+1 | Zk+1, b−

k+1

)
.

3.3 Structure
As we have mentioned in Chapter 1, many difficult problems exhibit structure in the
belief. This structure is characteristic of the factor graphs [KF09], which represents the
variable dependencies in the POMDP problem. For the case of SLAM, the factors that
connect between poses (x) and landmarks (l) are derived from the observation model,
yielding P (z | x, l). When the landmarks are part of the state, these factors are pair-
wise, otherwise they become unary factors on the state. We denote L ≜ ⋃n

i=1 li as the
set of all landmarks and Z ≡

⋃m
i=1 zi as the set of all observations at the specified time-

step. Often multiple observations will be gathered at each time-step, each associated
with a specific landmark. To account for the different possible realization of observed
landmarks we introduce β , the variable which defines the DA. More precisely β ∈ D ≜
{{0, 1}n | ∥β∥1 = m}. Thus the vector provides the following association between ob-
servation and landmark, P

(
zi | x, β, lj

)
= P

(
zi | x, lj

)
1

{
βj = 1,

∑j
n=1 βn = i

}
. Under

this problem formulation the Q-function must be rewritten as

Qπ(bk, ak) = E
β

k+1

[
E

Zk+1|β
k+1

[ρ (bk, ak, bk+1)]
]

+ γ E
β

k+1

[
E

Zk+1|β
k+1

[V π(bk+1)]
]

, (3.3)

as the dimensionality of Zk+1 depends on βk+1. For convenience we define fi ≜
P
(
z | x, li

)
and F(β) ≜ {fi | βi = 1} represents the set of factors defined by β .

10



Chapter 4

Probability Theory Bounds

In this chapter we present our key insight as a general bound on the expectation of
a r. v. and investigate a few special cases which will have applications for bounding
rewards in POMDP scenarios.

4.1 General Bounds

Figure 4.1: The different elements of the bounds of Theorem 4.1 are seen in the figure.
The blue area is preserved as is, and is seen in the bounds as the partial expectation that
we explicitly calculate (EB [f(S)]). The green and red areas are the upper (Mf (Bc))
and lower (mf (Bc)) bounds respectively which need to be weighted by the probability
that the variable is found in the compliment subset (P (Bc))

The partial expectation of a r. v. may at times be easier to calculate than the total
expectation (the partial expectation is related to but not equivalent to the conditional
expectation). We start by introducing the following novel bounds on the difference
between the expected value of a given function and its partial expectation.

Theorem 4.1. Let S be an arbitrary r. v. such that S ∈ S. Consider an arbitrary
function f : S → R. Then for any subset B ⊆ S, LB ≤ E [f(S)] − EB [f(S)] ≤ UB,

11



where:

LB = mf (Bc)P (Bc) , (4.1a)

UB = Mf (Bc)P (Bc) , (4.1b)

and mf (B), Mf (B) are defined as the infimum and supremum of f over the set B
respectively.

Proof

E
S

[f(S)] = E
S

[f(S)1{S ∈ B}] + E
S

[f(S)1{S ∈ Bc}]

≤ E
S

[f(S)1{S ∈ B}] + Mf (Bc)E
S

[1{S ∈ Bc}]

= E
S

[f(S)1{S ∈ B}] + Mf (Bc)P (Bc)

= EB [f(S)] + Mf (Bc)P (Bc) ■

For clarity we also provide the following definitions:

P (B) ≜ E [1{S ∈ B}] ,

EB [f(S)] ≡ E [f (S) | S ∈ B]P (B) .

We can generalize Theorem 4.1 such the the complementary subset is split into
multiple independent sets, allowing for tighter bounds.

Theorem 4.2. Let S be an arbitrary r. v. such that S ∈ S, and f : S → R be some
function. Then for any subset B ⊆ S, LB ≤ E [f(S)] − EB [f(S)] ≤ UB, where:

LB =
N∑

i=1
mf (Bc

i )P (Bc
i ) , (4.2a)

UB =
N∑

i=1
Mf (Bc

i )P (Bc
i ) , (4.2b)

and
N⋃
i

Bc
i = Bc, Bc

i ∩ Bc
j = ∅.

Proof The proof is similar to that of Theorem 4.1, but with an extra step,

E
S

[f(S)] = E
S

[f(S)1{S ∈ B}] + E
S

[f(S)1{S ∈ Bc}]

= E
S

[f(S)1{S ∈ B}] +
N∑

i=1
E
S

[f(S)1{S ∈ Bc
i }]

≤ EB [f(S)] +
N∑

i=1
Mf (Bc

i )P (Bc
i ) ■

12



All proofs are given only on the upper bound when the lower bound can be reached
in a similar manner. Without loss of generality P (Bc) and 1 −P (B) will be used inter-
changeably depending on the need, where the use of 1 − P (B) will often be preferable
due to computational benefits.

Figure 4.1 illustrates how we change part of the function in order to bound the
expectation in an adaptive fashion. To the best of our knowledge, the bounds given in
Theorem 4.1 are novel and have not previously appeared in the literature.

From inequality (4.1a), if we assume f(S) ≥ 0, then EB [f(S)] ≥ 0 and we arrive
at E [f(S)] ≥ mf (Bc)P (S ∈ Bc) , which is the generalized Markov inequality [Dur19].
In [Oga21] the authors show an improvement on the Markov inequality by also using
partial expectations, although their approach assumes that the function f(S) is non-
negative strictly increasing; further generalization of the Markov inequality has also
been proposed by [BK22].

4.2 Special cases

We explore several special cases relevant to planning and computation efficiency. The
following examples are but a small subset of the possible applications.

We begin with B given as a superset of the subset B′ (i.e. B′ ⊆ B), possible
motivation for such an extrapolation would arise from the computation advantage in
calculating the extreme values of B′c over Bc. The trivial example of setting B′ = ∅
leads directly to the global extrema, which can be calculated offline when discussing
online algorithms.

Proposition 4.2.1. Consider a r. v. S and a function f as defined in Theorem 4.1. Let
us define the subsets B and B′ such that B′ ⊆ B ⊆ S. Then LB ≤ E [f(S)]−EB [f(S)] ≤
UB, where:

LB = mf (B′c)P (Bc) , (4.3a)

UB = Mf (B′c)P (Bc) . (4.3b)

Proof From Theorem 4.1 we have

E
S

[f(S)] ≤ EB [f(S)] + Mf (Bc)P (Bc)

Given that B′ ⊆ B, then Bc ⊆ B′c , leading directly to Mf (Bc) ≤ Mf (B′c), thus

≤ EB [f(S)] + Mf (B′c)P (Bc) ■

In Theorem 4.1 the subset defines the minimum and maximum. Alternatively, one
could define the subset via the minimum and maximum. (For further motivation see
Section 4.4.)

13



Proposition 4.2.2. Consider a r. v. S and a function f as defined in Theorem 4.1.
Let B be a subset defined as B ≜ {S ∈ S | f (S) < ε ∨ f (S) > ε′} then ∃ε, ε′ such that
ε ≤ ε′ and LB ≤ E [f(S)] − EB [f(S)] ≤ UB, where:

LB = εP (Bc) , (4.4a)

UB = ε′P (Bc) . (4.4b)

Proof By definition of B, Mf (Bc) ≤ ε′, thus

E
S

[f(S)] ≤ EB [f(S)] + ε′P (Bc) ■

In the following propositions we will look into bounding the expectation of two r. v.s
under various assumptions. We start by simply bounding the joint expectation,

Proposition 4.2.3. Consider two arbitrary r. v.s S and T such that S ∈ S and T ∈ T .
Let f : (S, T ) → R be some arbitrary function, let BS be an arbitrary subset of S and
let BT (S) be an arbitrary subset of T as a function of S. Then LB ≤ E

S,T
[f(S, T )] −

EBS

[
EBT (S) [f(S, T )]

]
≤ UB, where:

LB = EBS
[mf (S, Bc

T (S))P (Bc
T (S))]

+P (Bc
S)
(

inf
S∈Bc

S

EBT (S) [f(S, T )] + inf
S∈Bc

S

{P (Bc
T (S)) mf (S, Bc

T (S))}
)

,
(4.5a)

UB = EBS
[Mf (S, Bc

T (S))P (Bc
T (S))]

+P (Bc
S)

(
sup

S∈Bc
S

EBT (S) [f(S, T )] + sup
S∈Bc

S

{P (Bc
T (S)) Mf (S, Bc

T (S))}

)
,

(4.5b)

and mf (BS , T ) ≜ inf
S∈BS

f(S, T ), Mf (BS , T ) ≜ sup
S∈BS

f(S, T ).

Proof We begin by applying Theorem 4.1 to the inner expectation

E
S

[
E

T |S
[f(S, T )]

]
≤ E

S

[
EBT (S) [f(S, T )] + Mf (S, BT (S)c)P (BT (S)c)

]
Now applying Theorem 4.1 to the outer expectation

≤ EBS

[
EBT (S) [f(S, T )]

]
+ EBS

[Mf (S, Bc
T (S))P (Bc

T (S))]

+P (Bc
S) sup

S∈Bc
S

EBT (S) [f(S, T )]

+P (Bc
S) sup

S∈Bc
S

{P (Bc
T (S)) Mf (S, Bc

T (S))}

■

Let us now consider the scenario where the two variables are independent

Proposition 4.2.4. Consider two arbitrary independent r. v.s S and T such that S ∈ S
and T ∈ T . Let f : (S, T ) → R be some arbitrary function and let BS and BT be arbi-
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(a) Visualization of the partitioning dictated
by Proposition 4.2.5. We can explicitly fac-
tor the joint domain B into the Cartesian
product BS × BT , thus in this scenario Bc =
(BS × Bc

T ) ∪ (Bc
S × BT ) ∪ (Bc

S × Bc
T )

(b) Visualization of the partitioning dictated
by Proposition 4.2.3. The set B is a general
subset of the joint sample space (S × T ), as
such it cannot necessarily be represented as a
Cartesian product of two independent sets

Figure 4.2: Joint domain partitioning employed in the different scenarios

trary subsets of S and T respectively. Then LB ≤ E
S,T

[f(S, T )] − EBS
[EBT

[f(S, T )]] ≤
UB, where:

LB = P (Bc
T ) EBS

[mf (S, Bc
T )] + P (Bc

S) inf
S∈Bc

S

EBT
[f(S, T )]

+P (Bc
T )P (Bc

S) mf (Bc
S , Bc

T ) ,

(4.6a)

UB = P (Bc
T ) EBS

[Mf (S, Bc
T )] + P (Bc

S) sup
S∈Bc

S

EBT
[f(S, T )]

+P (Bc
T )P (Bc

S) Mf (Bc
S , Bc

T ) ,

(4.6b)

and BS(T ) = BS, BT (S) = BT .

Proof Given that the r. v.s and subsets are independent, Proposition 4.2.3 simplifies
trivially to the bounds ■

We note that the relation between BS , BT and the joint subset (B′) is given by
B′ = BS × BT , this does not imply that B′c = Bc

S × Bc
T . Furthermore it can be

easily shown that the number of terms is exponential with the number of independent
variables, thus a simpler bound is desirable. Under the same assumptions, but with
further relaxation of the bounds, we can arrive at simplified bounds given by

Proposition 4.2.5. Consider two arbitrary independent r. v.s S and T and a function
f as in Proposition 4.2.3. Let BS and BT be arbitrary subsets of S and T respectively.
Then LB ≤ E

S,T
[f(S, T )] − EBS

[EBT
[f(S, T )]] ≤ UB, where:

LB = (1 − P (BS)P (BT )) mf (B′c) , (4.7a)

UB = (1 − P (BS)P (BT )) Mf (B′c) , (4.7b)

and B′ ≜ BS × BT .
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Proof

E
S,T

[f(S, T )] − EBS
[EBT

[f(S, T )]] ≤ Mf (B′c)P
(
B′c)

= Mf (B′c) (1 − P (BS × BT ))

= Mf (B′c) (1 − P (BS)P (BT )) ■

Finally, we examine how we can leverage possible knowledge of the structure of f to
allow for intuitive bounds on seemingly unbounded functions. We begin by bounding
the log function, a common function in information theoretical rewards.

Proposition 4.2.6. Let S and f be defined as in Theorem 4.1 and consider the specific
structure of f(S) ≜ g(S) log h(S), where h is a non-negative function and let B be an
arbitrary subset. Then LB ≤ E [f(S)] − EB [f(S)] ≤ UB, where:

LB = P (Bc) min {mg(Bc) log mh(Bc), Mg(Bc) log mh(Bc)} , (4.8a)

UB = P (Bc) max {mg(Bc) log Mh(Bc), Mg(Bc) log Mh(Bc)} . (4.8b)

Proof Assuming g(S) ≥ 0

Mf (Bc) = max
S∈Bc

{g(S) log h(S)} ≤ max

Mg(Bc) log Mh(Bc) ,

mg(Bc) log Mh(Bc)


The assumption of g(S) ≥ 0 can also be easily dropped for a more general bound. ■

We continue to formulate the case of joint expectation on the log function.

Proposition 4.2.7. Let S ∈ RN and T ∈ Rm be two r. v.. Let f be of the specific
structure f(S) ≜ E

T |S
[log g(S, T )] : RN → R, where g is non-negative. Thus by The-

orem 4.1 the difference E
S

[
E

T |S
[log g(S, T )]

]
− EB

[
E

T |S
[log g(S, T )]

]
is bounded above

and below by

LB =P (Bc) log
(

inf
S∈Bc,T

g(S, T )
)

, (4.9)

UB =P (Bc) log
(

sup
S∈Bc,T

g(S, T )
)

. (4.10)
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Proof

E
S

[
E

T |S
[log f(S, T )]

]
= E

S

[
E

T |S

[
log f(S, T )

ε(T )

]]
+ E

S

[
E

T |S
[log ε(T )]

]

= E
S

[
E

T |S

[
log f(S, T )

ε(T )

]]
+ E

T
[log ε(T )]

≤ EB

[
E

T |S
[log f(S, T )]

]
− EB

[
E

T |S
[log ε(T )]

]
+ (1 − P (B)) log max

T
ε(T ) + E

T
[log ε(T )]

■

4.3 Bound Properties

The bounds from Theorem 4.1 have several desirable properties for bound based de-
cision making algorithms, the principle of which is incrementality, allowing for the
tightening of the bounds while reusing parts of the original bounds.

Corollary 4.3.1 (Incrementality). Given a subset B′ such that B ⊆ B′ the bounds
as defined in Theorem 4.1 can be calculated incrementally for B′. In other words,
calculations only within the new subset Bnew ≜ B′ \ B are needed. This can be expressed
explicitly as follows:

EB′ [f(S)] = EB [f(S)] + EBnew [f(S)] , (4.11)

P
(
B′) = P (B) + P (Bnew) . (4.12)

The infimum and supremum are partially incremental, depending on the scenario as
described below

mf (B′c) =

mf (Bc) if mf (Bc) < mf (Bnew)

by definition else
, (4.13a)

Mf (B′c) =

Mf (Bc) if Mf (Bc) > Mf (Bnew)

by definition else
. (4.13b)

Proof

EB′ [f(S)] = E
[
f(S)1

{
S ∈ B′}]

= E [f(S) (1{S ∈ B} + 1{S ∈ Bnew})]

= EB [f(S)] + EBnew [f(S)]

The proof for P (B′) follows the same logic.
Bc = Bnew ∪ B′c, thus Mf (Bc) = max{Mf (Bnew), Mf (B′c)}, if Mf (Bc) > Mf (Bnew),
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then implicitly Mf (Bc) ̸= Mf (Bnew) leaving us with Mf (Bc) = Mf (B′c). If Mf (Bc) =
Mf (Bnew) then we gain no information on Mf (B′c), leaving us with Mf (Bc) ≥ Mf (B′c).■

Corollary 4.3.2 (Convergence). The bounds as defined in Theorem 4.1 converge to
zero with respect to the set B, meaning the partial expectation converges to the true
expectation when B = S.

Proof By definition P (S) = 1 and ES [f(S)] = E
S

[f(S)], thus we immediately arrive at
LB(S) = UB(S) = 0 ■

Corollary 4.3.3 (Monotonicity). The bounds as defined in Theorem 4.1 are monotonic
with respect to the subspace. Specifically:

LB(B) ≤ LB(B′) , (4.14a)

UB(B) ≥ UB(B′) , (4.14b)

for B ⊆ B′. Moreover these bounds are strictly monotonic when Bnew is measurable
(i.e. P (Bnew) ̸= 0).

Proof Let us define B′ ⊇ B, thus Mf (B′c) ≤ Mf (Bc), by Corollary 4.3.1 we find that
P (B) ≤ P (B′) thus

Mf (B′c)
(
1 − P

(
B′)) ≤ Mf (Bc) (1 − P (B)) ■

4.4 Complexity

Let us denote the complexity of a single evaluation of the function f by O(|f |), and
the complexity of finding bounds on the infimum and supremum of f by O(|m|) and
O(|M |) respectively. Then the complexity of calculating the bounds in Theorem 4.1 is
given by the complexity of the partial expectation over the set B and the complexity
of finding the infimum and supremum over the set Bc, O (|f | · |B| + (|m| + |M |) · |Bc|).
When O(|m|+ |M |) ≪ O(|f |) then computational savings of approximately O(|f | · |Bc|)
are attained.

The above assumes that the complexity of division into subsets is trivial. But
alternatively, one could select subsets defined by their infimum and supremum as in
Proposition 4.2.2, thus O(|m|) = O(|M |) = O(1), but the complexity is simply trans-
ferred into finding which elements belong in each subset, this is the case with the
Markov inequality. The choice between these two scenarios is per use case.
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4.5 Estimators and Novel Probabilistic Bounds

An estimator P̂ (X) of the distribution P (X) is given by:
N∑

i=1
wiδ

(
X − Xi

)
, where

(wi, Xi) is a weighted particle sampled from P (X). Thus by defining Ê
X ∼P(X)

[·] ≜

E
X ∼P̂ (X)

[·], we find Ê
X

[g(X)] =
∫ ∑N

i=1 wiδ
(
X − Xi

)
g(X)dX =

∑N
i=1 wig(Xi), which

is in practice the expectation with respect to a discrete variable with P̂
(
Xi
)

= wi.
Thus Theorem 4.1, with no additional changes, is also valid for estimators, where the
sample space is defined by the set of samples. This also holds true for functions of the
pdf, both of the form Ê

[
f(P̂ (X))

]
and Ê [f(P (X))] with appropriate attention given

to constructing the bound itself.

When the pdf itself is also estimated as in the case of P̂ (X), then bounds on the
estimated weights may be useful for Theorem 4.1, thus we provide Corollary 4.5.1.

Corollary 4.5.1. Let {(wi, Si)}N
i=1 be a set of normalized particles sampled from the

distribution P (S). Then the weights (wi) are bounded below and above by

LB = 1 − max P (S)
min P(S)

N−1 + max P (S)
, (4.15a)

UB = 1 − min P (S)
max P(S)

N−1 + min P (S)
. (4.15b)

Proof

min
i

wi = min
i

P
(
Si
)∑N

i=1 P (Si)

Let us denote, without loss of generality, min
i

P
(
Si
)

as P
(
S1), thus

= P
(
S1)

P (S1) +
∑N

i=2 P (Si)

≥ P
(
S1)

P (S1) + (N − 1) max
i

P (Si)

≥ min P (S)
min P (S) + (N − 1) max P (S)

■

The use of estimators in the field of robotics is often present when we use Monte-
Carlo methods for reasoning about future actions. As we are working with estimators,
we are interested in how close the estimator is to the theoretical expectation. Via Ho-
effding’s inequality we arrive at two main claims of our paper; the first is a probabilistic
bound between the true expectation and the estimated partial expectation.
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Theorem 4.3. Consider the set of samples {Si}N
i=1 drawn from S, then

P
(
LB ≤ E [f(S)] − ÊBn [f(S)] ≤ UB

)
≥ 1 − δ ∀δ ∈ (0, 1) ,

where Bn ≜ {Si}n
i=1 for n ≤ N ,

LB = −

√
∆2

f

2N
log 2

δ
+ mf (Bn

c)P̂ (Bn
c) , (4.16a)

UB =

√
∆2

f

2N
log 2

δ
+ Mf (Bn

c)P̂ (Bn
c) , (4.16b)

and ∆f (B) ≜ Mf (B) − mf (B)

Proof From Hoeffding’s inequality on the r. v. f(S) the following holds

P
(
|E [f(S)] − Ê [f(S)]| ≤ t

)
≥ 1 − δ,

where t =
√

∆2
f

2N log 2
δ . From the absolute value we have two inequalities, we fill focus

on the upper bound. With the addition of inequality 4.1b for some subset Bn of the
samples

E [f(S)] − Ê [f(S)] + Ê [f(S)] − ÊB [f(S)] ≤ t + Mf (Bc)P̂ (Bc) ,

E [f(S)] − ÊB [f(S)] ≤ t + Mf (Bc)P̂ (Bc) .

Repeating the procedure for the lower bounds results in the complete bounds. ■

It can be shown that when comparing Theorem 4.3 to the case of simply taking a
Hoeffding bound with n samples from the original distribution, our bounds are tighter
when the following inequality is satisfied:

C ·
(√

1
n

−
√

1
N

)
≥ ∆f (Bn

c)P̂ (Bn
c) , (4.17)

where C ≜ ∆f

√
2 log 2

δ . The bound is relevant when N samples are drawn, but evalu-
ation of the function f for all N samples is undesirable, allowing for a controlled way
to remove some samples.

The second of the claims is a probabilistic bound between the true expectation and
the estimated conditional expectation.

Theorem 4.4. Let S be some r. v. and let B ⊆ S be some sample space. Consider the
set of samples {Si}N

i=1 drawn from S1{S ∈ B}, then

P
(
LB ≤ E [f(S)] − P (B) Ê [f(S) | B] ≤ UB

)
≥ 1 − δ ∀δ ∈ (0, 1) ,
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where

LB = −P (B)

√
∆f (B)2

2N
log 2

δ
+ mf (Bc)P (Bc) , (4.18a)

UB = P (B)

√
∆f (B)2

2N
log 2

δ
+ Mf (Bc)P (Bc) . (4.18b)

Proof From Hoeffding’s inequality on the r. v. f(S) the following holds

P
(
|E [f(S) | B] − Ê [f(S) | B]| ≤ t

)
≥ 1 − δ ,

where t =
√

∆2
f

2N log 2
δ . From the absolute value we have two inequalities, we fill focus

on the upper bound. Multiplying though by P (B) and the addition of inequality 4.1b
we find

EB [f(S)] − P (B) Ê [f(S) | B] ≤ P (B) t ,

E [f(S)] − EB [f(S)] + EB [f(S)] − P (B) Ê [f(S) | B]

≤ P (B) t + Mf (Bc)P (Bc) ,

E [f(S)] − P (B) Ê [f(S) | B] ≤ P (B) t + Mf (Bc)P (Bc) . ■

Similarly to Theorem 4.3, Theorem 4.4 offers tighter bounds in comparison to the
vanilla Hoeffding bound under the following inequality constraint:

C · (∆f − P (B) ∆f (B)) ≥ P (Bc) ∆f (Bc) , (4.19)

where C ≜
√

2
N log 2

δ .
Utilizing this bound is relevant when one would like to focus the sampling procedure

on a specific area of the distribution, or if only a proposal distribution is available on
part of the support, while still being able to make a claim on the expectation. It may
be desirable to apply another Hoeffding inequality in order to estimate and bound with
the use of P̂ (B).
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Chapter 5

Planning

The bounds discussed in Chapter 4 have applications in various contexts, both for
POMDPs and other domains. In this chapter, we examine how these bounds can be
effectively employed in BSP. We start with general formulations of bounds for POMDPs.
Subsequently, we focus on information-theoretic rewards, particularly entropy. Finally,
we address the challenges of planning in high-dimensional state spaces.

5.1 Reward and Value Functions

In the context of planning, the general reward function is denoted as ρ (b, π, b′). Our
goal in planning is to bound the cumulative expected reward, as represented in (3.1),
where the expectation is explicitly given on observations and implicitly for states in the
reward structure. By reducing the domain over which this expectation is calculated
—whether with respect to states, observations, or both— we can achieve improved com-
putational efficiency (see Section 4.4) while providing formal performance guarantees.
In this paper we focus on bounding the expectation with respect to the observations,
although similar bounds can be formulated for the state space.

We begin by bounding the expected reward with respect to the observation space:

E
Z

[ρ (b, π)] − EBZ
[ρ (b, π(b))] ≤ P

(
Bc

Z

)
sup

Z∈Bc
Z

ρ (b, π(b)) , (5.1)

where BZ ⊆ Z.
In many planning scenarios, the belief dependent reward is assumed to have a

structure of ρ (b, π(b)) ≡ E
X ∼b

[R(b(X ), X , π(b))]. For such cases, we can derive bounds
on the reward with respect to the state space:

E
X ∼b

[R(b(X ), X , π(b))] − EBX
[R(b(X ), X , π(b))] ≤ P

(
Bc

X

)
sup

X∈Bc
X

R(b(X), X, π(b)) ,

(5.2)
where BX ⊆ X .
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Not all rewards depend on the belief. State-dependent rewards, given by E
X ∼b

[R(X , π(b))],
follow a similar pattern but often benefit from known Rmin and Rmax values, simplifying
the bounds to:

E
X ∼b

[R(X , π(b))] − EBX
[R(X , π(b))] ≤ P

(
Bc

X

)
sup

X∈Bc
X

R(X, π(b))

≤ P
(
Bc

X

)
Rmax .

(5.3)

If we further look at action sequences and not policies, then the case of state dependent
rewards further simplifies matters by being independent of the observations.

These bounds can be jointly used to reduce the computational complexity by re-
ducing the state and observation spaces concurrently.

With these reward bounds, we can proceed to bound the value function. When
bounding with respect to the state space:

Corollary 5.1.1. LBπ(bk) ≤ V π(bk) − V̄ π(bk) ≤ UBπ(bk), where:

LBπ(bk) = P (Bc
k) inf

Xk∈Bc
k

Rk +
k+L∑

l=k+1
γl−k E

Zk+1:l

[
P (Bc

l ) inf
Xl∈Bc

l

Rl

]
, (5.4a)

UBπ(bk) = P (Bc
k) sup

Xk∈Bc
k

Rk +
k+L∑

l=k+1
γl−k E

Zk+1:l

[
P (Bc

l ) sup
Xl∈Bc

l

Rl

]
, (5.4b)

V̄ π(bk) = EBk
[Rk] +

k+L∑
l=k+1

γl−k E
Zk+1:l

[EBl
[Rl]] . (5.4c)

and Rk ≜ R(bk(Xk), Xk, π(bk)).

Proof Applying Theorem 4.1 to E
Xl

[Rl] and summing for the cumulative reward results
in the desired bounds. ■

We use the shorthand Rk ≜ R(bk(Xk), Xk, π(bk)).
Expressing the bounds in a recursive manner, as is done for the value function with

the Bellman equation (3.2), we find the following:

Corollary 5.1.2. LBπ(bt) ≤ V π(bt) − V̄ π(bt) ≤ UBπ(bt) ∀t ∈ [k, k + L], where:

LBπ(bt) = P (Bc
t ) inf

Xt∈Bc
t

Rt + γ E
Zt+1

[LB(bt+1)] , (5.5a)

UBπ(bt) = P (Bc
t ) sup

Xt∈Bc
t

Rt + γ E
Zt+1

[UB(bt+1)] , (5.5b)

V̄ π(bt) = EBt [Rt] + γ E
Zt+1

[
V̄ π(bt+1)

]
. (5.5c)

and LBπ(bk+L) = UBπ(bk+L) = V π(bk+L) = V̄ π(bk+L) = 0, Bt ⊆ X .

Proof Proof by induction:
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base case:

UBπ(bk+L−1) = P
(
Bc

k+L−1
)

sup
Xk+L−1∈Bc

k+L−1

Rt + γ E
Zk+L

[UB(bk+L)]

= P
(
Bc

k+L−1
)

sup
Xk+L−1∈Bc

k+L−1

Rt ,

V̄ π(bk+L−1) = EBk+L−1 [Rt] + γ E
Zk+L

[
V̄ π(bk+L)

]
= EBk+L−1 [Rk+L−1] ,

V π(bk+L−1) = E
Xk+L−1

[Rk+L−1] + γ E
Zk+L

[V π(bk+L)]

= E
Xk+L−1

[Rk+L−1] .

Put together we find that the inequality holds as it is a direct consequence of Theo-
rem 4.1 for E

Xk+L−1
[Rk+L−1].

induction step: Let us assume that V π(bt+1) − V̄ π(bt+1) ≤ UB(bt+1) then

V π(bt) − V̄ π(bt)

= E
Xt

[R(bt(Xt), Xt, π(bt))] − EBt [R(bt(Xt), Xt, π(bt))]

+γ

(
E

Zt+1

[
V π(bt+1) − V̄ π(bt+1)

])
≤ E

Xt

[R(bt(Xt), Xt, π(bt))] − EBt [R(bt(Xt), Xt, π(bt))]

+γ

(
E

Zt+1
[UB(bt+1)]

)
≤ P (Bt+1) sup

Bc
t+1

R(bt(Xt), Xt, π(bt)) + γ

(
E

Zt+1
[UB(bt+1)]

)
■

As was done for the reward, we can also bound with respect to the observation
space:

Corollary 5.1.3. LBπ(bk) ≤ V π(bk) − V̄ π(bk) ≤ UBπ(bk), where:

LBπ(bk) =
k+L−1∑

l=k

γl−kP
(
Bc

k+1:l+1 | bk, π
)

inf
Zk+1:l+1∈Bc

k+1:l+1

ρ (bl, πl, bl+1) , (5.6a)

UBπ(bk) =
k+L−1∑

l=k

γl−kP
(
Bc

k+1:l+1 | bk, π
)

sup
Zk+1:l+1∈Bc

k+1:l+1

ρ (bl, πl, bl+1) , (5.6b)

V̄ π(bk) =
k+L−1∑

l=k

γl−kEBk+1:l+1|bk,π [ρ (bl, πl, bl+1)] , (5.6c)

and Bk+1:l+1 ⊆ Z l−k which is the joint observation space over time.

Proof Beginning with (3.1) we look for bounds on E
Zk+1:l+1|bk,π

[ρ (bl, πl, bl+1)]. Applying

Theorem 4.1 leads us directly to the bounds for a single time step. Subsequently we
sum over all time-steps. ■
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If we wish to propagate the choice of subset not just to the immediate expected
reward, but through to the entire value function, thus completely eliminating specific
realizations of observations from the objective function, we find:

Corollary 5.1.4. LBπ(bt) ≤ V π(bt) − V̄ π(bt) ≤ UBπ(bt) ∀t ∈ [k, k + L], where:

LBπ(bt) = P
(
Bc

t+1 | bt, π
) (

inf
Bc

t+1

ρ (bt, πt, bt+1) + γ inf
Bc

t+1

V̄ π(bt+1)
)

+ γ
(
P
(
Bc

t+1 | bt, π
)

inf
Bc

t+1

LB(bt+1) + EBt+1|bt,π [LB(bt+1)]
)

,
(5.7a)

UBπ(bt) = P
(
Bc

t+1 | bt, π
) (

sup
Bc

t+1

ρ (bt, πt, bt+1) + γ sup
Bc

t+1

V̄ π(bt+1)
)

+ γ
(
P
(
Bc

t+1 | bt, π
)

sup
Bc

t+1

LB(bt+1) + EBt+1|bt,π [LB(bt+1)]
)

,
(5.7b)

V̄ π(bt) = EBt+1|bt,π [ρ (bt, πt, bt+1)] + γEBt+1|bt,π

[
V̄ π(bt+1)

]
, (5.7c)

and LBπ(bk+L) = UBπ(bk+L) = V π(bk+L) = V̄ π(bk+L) = 0 and Bt ⊆ Z.

Proof Proof by induction:

base case:

UBπ(bk+L−1) = P
(
Bc

k+L | bk+L−1, π
) (

sup
Bc

k+L

ρ (bk+L−1, πt, bk+L) + γ sup
Bc

k+L

V̄ π(bk+L)
)

+ γ
(
P
(
Bc

k+L | bt, π
)

sup
Bc

k+L

LB(bk+L) + EBk+L|bk+L−1,π [LB(bk+L)]
)

= P
(
Bc

k+L | bk+L−1, π
) (

sup
Bc

k+L

ρ (bk+L−1, πt, bk+L)
)

,

V̄ π(bk+L−1) = EBk+L|bk+L−1,π [ρ (bk+L−1, πk+L−1, bk+L)] + γEBk+L|bk+L−1,π

[
V̄ π(bk+L)

]
= EBk+L|bk+L−1,π [ρ (bk+L−1, πk+L−1, bk+L)] ,

V π(bk+L−1) = E
Zk+L|bk+L−1,π

[ρ (bk+L−1, πk+L−1, bk+L)] + γ E
Zk+L

[V π(bk+L)]

= E
Zk+L|bk+L−1,π

[ρ (bk+L−1, πk+L−1, bk+L)] .

Put together we find that the inequality holds as it is a direct consequence of Theo-
rem 4.1 for E

Zk+L|bk+L−1,π
[ρ (bk+L−1, πk+L−1, bk+L)].
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induction step: , let us assume that V π(bt+1) − V̄ π(bt+1) ≤ UB(bt+1) then

V π(bt) − V̄ π(bt)

= E
Zt+1

[ρ (bt, πt, bt+1)] − EBt+1 [ρ (bt, πt, bt+1)]

+ γ

(
E

Zt+1
[V π(bt+1)] − EBt+1

[
V̄ π(bt+1)

])
≤P

(
Bc

t+1
)

sup
Bc

t+1

ρ (bt, πt, bt+1)

+ EBt+1 [ρ (bt, πt, bt+1)] − EBt+1 [ρ (bt, πt, bt+1)]

+ γP
(
Bc

t+1
)

sup
Bc

t+1

V π(bt+1) + γ
(
EBt+1 [V π(bt+1)] − EBt+1

[
V̄ π(bt+1)

])
≤P

(
Bc

t+1
)

sup
Bc

t+1

ρ (bt, πt, bt+1)

+ γ

(
P
(
Bc

t+1
)

sup
Bc

t+1

V π(bt+1) + EBt+1 [UB(bt+1)]
)

=P
(
Bc

t+1
)

sup
Bc

t+1

ρ (bt, πt, bt+1)

+ γP
(
Bc

t+1
)

sup
Bc

t+1

(
V π(bt+1) − V̄ π(bt+1) + V̄ π(bt+1)

)
+ γEBt+1 [UB(bt+1)]

≤P
(
Bc

t+1
)

sup
Bc

t+1

ρ (bt, πt, bt+1)

+ γP
(
Bc

t+1
)

sup
Bc

t+1

(
UB(bt+1) + V̄ π(bt+1)

)
+ γEBt+1 [UB(bt+1)]

≤P
(
Bc

t+1
)

sup
Bc

t+1

ρ (bt, πt, bt+1)

+ γP
(
Bc

t+1
)(

sup
Bc

t+1

UB(bt+1) + sup
Bc

t+1

V̄ π(bt+1)
)

+ γEBt+1 [UB(bt+1)]
■

In Corollary 5.1.4 the choice of subsets Bt is used for bounding the expected reward
as well as the cumulative expected rewards. If one were to construct a belief tree, then
the choice of subset would be analogous to pruning the branches indicated by Bc.

An alternative approach which proves to be more manageable to formulate is to
take the partial expectation only with respect to the immediate expected reward. This
approach still allows for closed-loop planning, but does not prune the tree, instead it
simplifies calculations for the immediate expected reward.
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Corollary 5.1.5. LB(bt) ≤ V π(bt) − V̄ π(bt) ≤ UB(bt) ∀t ∈ [k, k + L], where:

LB(bt) = P
(
Bc

t+1
)

inf
Bc

t+1

ρ (bt, πt, bt+1) + γ E
Zt+1

[LB(bt+1)] , (5.8a)

UB(bt) = P
(
Bc

t+1
)

sup
Bc

t+1

ρ (bt, πt, bt+1) + γ E
Zt+1

[UB(bt+1)] , (5.8b)

V̄ π(bt) = EBt+1 [ρ (bt, πt, bt+1)] + γ E
Zt+1

[
V̄ π(bt+1)

]
. (5.8c)

and LBπ(bk+L) = UBπ(bk+L) = V π(bk+L) = V̄ π(bk+L) = 0 and Bt ⊆ Z.

Proof Proof by induction:

base case:

UBπ(bk+L−1) = P
(
Bc

k+L

)
sup
Bc

k+L

ρ (bk+L−1, πk+L−1, bk+L) + γ E
Zk+L

[UB(bk+L)]

= P
(
Bc

k+L

)
sup
Bc

k+L

ρ (bk+L−1, πk+L−1, bk+L) ,

V̄ π(bk+L−1) = EBk+L
[ρ (bk+L−1, πk+L−1, bk+L)] + γ E

Zk+L

[
V̄ π(bk+L)

]
= EBk+L

[ρ (bk+L−1, πk+L−1, bk+L)] ,

V π(bk+L−1) = E
Zk+L|bk+L−1,π

[ρ (bk+L−1, πk+L−1, bk+L)] + γ E
Zk+L

[V π(bk+L)]

= E
Zk+L|bk+L−1,π

[ρ (bk+L−1, πk+L−1, bk+L)] .

Put together we find that the inequality holds as it is a direct consequence of Theo-
rem 4.1 for E

Zk+L|bk+L−1,π
[ρ (bk+L−1, πk+L−1, bk+L)].

induction step: Let us assume that V π(bt+1) − V̄ π(bt+1) ≤ UB(bt+1) then

V π(bt)−V̄ π(bt)

= E
Zt+1

[ρ (bt, πt, bt+1)] − EBt+1 [ρ (bt, πt, bt+1)]

+γ
(

E
Zt+1

[V π(bt+1)] − E
Zt+1

[
V̄ π(bt+1)

])
≤ P

(
Bc

t+1
)

sup
Bc

t+1

ρ (bt, πt, bt+1)

+EBt+1 [ρ (bt, πt, bt+1)] − EBt+1 [ρ (bt, πt, bt+1)]

+γ E
Zt+1

[
V π(bt+1) − V̄ π(bt+1)

]
≤ P

(
Bc

t+1
)

sup
Bc

t+1

ρ (bt, πt, bt+1) + γ E
Zt+1

[UB(bt+1)] ■

For a specific planning scenario, assuming that the desired bounds are now available,
we refer to previous works [SI22b; BI22] to explore the applications of planning with
bounds.
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5.2 Conditional Entropy Bounds

We will be looking exclusively at two subsequent planning steps, thus we will drop the
use of time indices, using □ ≡ □k and □′ ≡ □k+1. In the case where our reward is
entropy, we can expand the conditional entropy as follows via Bayes rule

E
Z

[H (X | Z)] ≡ H (X | Z) = H (X ) + H (Z | X ) − H (Z) . (5.9)

To demonstrate the functionality of these approaches we look to realize the bounds
with information theoretical rewards. We look to Corollary 5.1.5 as our value function
bounds, which requires bounds on the expected reward. For the choice of entropy
(H (X )) as the reward, our expected reward becomes conditional entropy (H (X | Z)).
We prove novel bounds on the conditional entropy with respect to the observation space
that utilize Theorem 4.1.

Theorem 5.1. The conditional entropy of the r. v. X given the r. v. Z can be bounded
by the difference of the partial expectation with respect to Z . Thus LB ≤ H (X | Z) −
H̄Z (X | Z) ≤ UB, where:

LB = −P (Bc)
(

log sup
Z∈Bc

MZ − log m∥Z∥(Bc)
)

− UB
B

(
E
Z

[log Cpq]
)

, (5.10a)

UB = −P (Bc)
(

log inf
Z∈Bc

mZ − log M∥Z∥(Bc)
)

, (5.10b)

H̄Z (X | Z ) ≜ H (X ) + log∥P (X)∥(X)
q

−EB

[
E

X ∼P(X |Z )
[log P (Z | X )] + log∥P (Z | X)∥(X)

p

]
.

(5.10c)

The definition of UBB
(
E
Z

[log Cpq]
)

can be seen in the proof.

m∥Z∥(B) ≜ inf
Z∈B

∥P (Z | X)∥(X)
p , M∥Z∥(B) ≜ sup

Z∈B
∥P (Z | X)∥(X)

p ,

mZ ≜ inf
X

P (Z | X) , MZ ≜ sup
X

P (Z | X) .

Proof We begin by applying Bayes theorem to H (X | Z)

E
Z

[H (X | Z)] ≡ H (X | Z) = H (X ) + H (Z | X ) − H (Z) . (5.11)

The term H (X ) is independent of Z and so remains unchanged. The next two terms
we bound via Proposition A.1.1 and Proposition A.1.2 from Appendix A which are
subsequently shown and proven. Collecting the bounds on all the terms results directly
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in the bounds mentioned in the theorem.

UB
B

(
E
Z

[log Cpq]
)

= − log p

p
− log q

q
− EB [log mZ ] − log mX

+EB
[
log

(
mXM q−1

X + mZMp−1
Z

)]
+P (Bc) log

(
mXM q−1

X + inf
Z∈Bc

mZ

(
sup

Z∈Bc
MZ

)p−1)
−P (Bc) log inf

Z∈Bc
mZ ,

where MX ≜ sup P (X) and mX ≜ inf P (X). ■

We use ∥·∥(S)
p to represent the pth-norm with respect to the integration variable S. We

mention that m∥Z∥(B) ≥ inf
Z∈B

mZ and M∥Z∥(B) ≤ sup
Z∈B

MZ and can be used to loosen

the bounds if needed.
To the best of our knowledge the conditional entropy bounds introduced above

are novel. Similar works that provide simplification with guarantees for information
theoretical rewards are [SI22b; BI22; YI24]. We leave comparative studies to these
works for future research.

Subsequent to Bayesian factorization of the conditional entropy (H (X | Z) =
H (X ) + H (Z | X ) − H (Z)) in Theorem 5.1, H (X ) assumes that the actions are
independent of the observations. In the non-myopic case this implies an open-loop
setting, as would be necessitated in the context of Corollary 5.1.3. As Corollary 5.1.5
is myopic in the partial expectation, its application in Theorem 5.1 still allows for
closed-loop planning.

5.3 Entropy Estimator

A common estimator of the entropy is the Boers estimator [BDBM10]. We will look into
bounding this estimator with respect to reducing the state space. The Boers estimator
is given by:

Ĥ
(
X ′) = log

(
N∑

i=1
wiP

(
Z ′ | X ′i

))
−

N∑
i=1

w′i log

P
(
Z ′ | X ′i

) N∑
j=1

wjP
(
X ′i | Xj

)
(5.12)

Where {Xi, wi}N
i=1 are samples from belief b and are self normalized.

In order to bound the estimator we begin by expressing it in terms of expectations,
allowing for the straight forwards application of our bounds.

Ĥ
(
X ′) = log Ê

X

[
P
(
Z ′ | X ′)]− Ê

X′

[
log P

(
Z ′ | X ′)]− Ê

X′

[
log Ê

X

[
P
(
X ′ | X

)]]
(5.13)

We can now apply the bounds from Theorem 4.1.
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Lemma 5.3.1. LB ≤ Ĥ (X ′) − H̄ (X ′) ≤ UB, where:

LB = log

(
n∑

i=1
wiP

(
Z ′ | X ′i)+

(
1 −

n∑
i=1

wi

)
inf

j∈[n+1,N ]
P
(
Z ′ | X ′j))

−

(
1 −

n∑
i=1

w′i

)
log sup

j∈[n+1,N ]
P
(
Z ′ | X ′j)

−
n∑

i=1
w′i log

 n∑
j=1

wjP
(
X ′i | Xj

)
+

1 −
n∑

j=1
wj

 sup
j∈[n+1,N ]

P
(
X ′i | Xj

)
−

(
1 −

n∑
i=1

w′i

)
log

 sup
i∈[n+1,N ]

n∑
j=1

wjP
(
X ′i | Xj

)
+

1 −
n∑

j=1
wj

 sup
i,j∈[n+1,N ]

P
(
X ′i | Xj

)
(5.14a)

UB = log

(
n∑

i=1
wiP

(
Z ′ | X ′i)+

(
1 −

n∑
i=1

wi

)
sup

j∈[n+1,N ]
P
(
Z ′ | X ′j))

−

(
1 −

n∑
i=1

w′i

)
log inf

j∈[n+1,N ]
P
(
Z ′ | X ′j)

−
n∑

i=1
w′i log

 n∑
j=1

wjP
(
X ′i | Xj

)
+

1 −
n∑

j=1
wj

 inf
j∈[n+1,N ]

P
(
X ′i | Xj

)
−

(
1 −

n∑
i=1

w′i

)
log

 inf
i∈[n+1,N ]

n∑
j=1

wjP
(
X ′i | Xj

)
+

1 −
n∑

j=1
wj

 inf
i,j∈[n+1,N ]

P
(
X ′i | Xj

)
(5.14b)

H̄
(
X ′) ≜ −

n∑
i=1

w′i log P
(
Z ′ | X ′i) (5.14c)
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Proof

Ĥ
(
X ′) = log Ê

X

[
P
(
Z ′ | X ′)]− Ê

X′

[
log P

(
Z ′ | X ′)]

− Ê
X′

[
log Ê

X

[
P
(
X ′ | X

)]] (5.15)

≤ log
(

ÊB
[
P
(
Z ′ | X ′)]+ P̂ (Bc) sup

Bc
P
(
Z ′ | X ′))

−ÊB′
[
log P

(
Z ′ | X ′)]− P̂

(
B′c) inf

B′c
log P

(
Z ′ | X ′)

− Ê
X′

[
log

(
ÊB
[
P
(
X ′ | X

)]
+ P̂ (Bc) inf

Bc
P
(
X ′ | X

))] (5.16)

≤ log
(

ÊB
[
P
(
Z ′ | X ′)]+ P̂ (Bc) sup

Bc
P
(
Z ′ | X ′))

−ÊB′
[
log P

(
Z ′ | X ′)]− P̂

(
B′c) inf

B′c
log P

(
Z ′ | X ′)

−ÊB′

[
log

(
ÊB
[
P
(
X ′ | X

)]
+ P̂ (Bc) inf

Bc
P
(
X ′ | X

))]
−P̂

(
B′c) inf

B′c
log

(
ÊB
[
P
(
X ′ | X

)]
+ P̂ (Bc) inf

Bc
P
(
X ′ | X

))
(5.17)

≤ log
(

ÊB
[
P
(
Z ′ | X ′)]+ P̂ (Bc) sup

Bc
P
(
Z ′ | X ′))

−ÊB′
[
log P

(
Z ′ | X ′)]− P̂

(
B′c) log inf

B′c
P
(
Z ′ | X ′)

−ÊB′

[
log

(
ÊB
[
P
(
X ′ | X

)]
+ P̂ (Bc) inf

Bc
P
(
X ′ | X

))]
−P̂

(
B′c) log

(
inf
B′c

ÊB
[
P
(
X ′ | X

)]
+ P̂ (Bc) inf

Bc,B′c
P
(
X ′ | X

))
(5.18)

■

The computational complexity of the bounds, assuming that the supremum and
infimum are O(1), is now O(n2) as seen in the definition of H̄ (X ′) from the double
summation, in contrast to the previous complexity of O(N2), assuming that |Bk+1| =
|Bk| = n. In [SI22b] bounds on the Boer’s estimator are also derived, but with a
complexity of O(nN). Let us further simplify Lemma 5.3.1 by utilizing the global
extrema, thus
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Proposition 5.3.2. LB ≤ Ĥ (X ′) − H̄ (X ′) ≤ UB, where:

LB = log
(

n∑
i=1

wiP
(
Z ′ | X ′i

)
+
(

1 −
n∑

i=1
wi

)
mZ′

)

−
n∑

i=1
w′i log

 n∑
j=1

wjP
(
X ′i | Xj

)
+
(

1 −
n∑

i=1
wi

)
MX


−
(

1 −
n∑

i=1
w′i
)(

log MX + log MZ′
)

(5.19a)

UB = log
(

n∑
i=1

wiP
(
Z ′ | X ′i

)
+
(

1 −
n∑

i=1
wi

)
MZ′

)

−
n∑

i=1
w′i log

 n∑
j=1

wjP
(
X ′i | Xj

)
+
(

1 −
n∑

i=1
wi

)
mX


−
(

1 −
n∑

i=1
w′i
)(

log mX + log mZ′
)

(5.19b)

H̄
(
X ′) ≜ −

n∑
i=1

w′i log P
(
Z ′ | X ′i

)
(5.19c)

and we define mX ≜ inf
X,X′

P (X ′ | X), MX ≜ sup
X,X′

P (X ′ | X), mZ ≜ inf
X

P (Z | X), and

MZ ≜ sup
X

P (Z | X).

Proof

≤ log
(

ÊB
[
P
(
Z ′ | X ′)]+ P̂ (Bc) sup

Bc
P
(
Z ′ | X ′))

−ÊB′
[
log P

(
Z ′ | X ′)]− P̂

(
B′c) log inf

B′c
P
(
Z ′ | X ′)

−ÊB′

[
log

(
ÊB
[
P
(
X ′ | X

)]
+ P̂ (Bc) inf

Bc
P
(
X ′ | X

))]
−P̂

(
B′c) log

(
inf
B′c

ÊB
[
P
(
X ′ | X

)]
+ P̂ (Bc) inf

Bc,B′c
P
(
X ′ | X

))
(5.20)

≤ log
(
ÊB
[
P
(
Z ′ | X ′)]+ P̂ (Bc) MZ′

)
−ÊB′

[
log P

(
Z ′ | X ′)]− P̂

(
B′c) log mZ′

−ÊB′

[
log

(
ÊB
[
P
(
X ′ | X

)]
+ P̂ (Bc) mX

)]
−P̂

(
B′c) log mX

(5.21)

= log
(
ÊB
[
P
(
Z ′ | X ′)]+ P̂ (Bc) MZ′

)
−ÊB′

[
log P

(
Z ′ | X ′)]

−ÊB′

[
log

(
ÊB
[
P
(
X ′ | X

)]
+ P̂ (Bc) mX

)]
−P̂

(
B′c) (log mX + log mZ′

)
(5.22)

■
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5.4 High-Dimensional Aspect

Figure 5.1: Each da node (triangle) is associated with a specific factor graph topology.
At this point the observations associated with the da realizations are still r. v.s. In the
example, by eliminating z2

k+1, the topology resulting from β̃k+1 becomes identical to
that of βk+1

High-dimensional problems, such as SLAM, often exhibit structure that allows for
the belief to be represented via a factor graph. Planning algorithms that aim to address
the problem of high-dimensional planning can thus leverage the topology of the problem
as a cheap source of information. The comparison of topology between similar beliefs
is captured by the DA variable (β) as seen in Figure 5.1. We assume that realizations
of DA can be generated from the distribution P (β | X) (e.g. a Bernoulli distribution
on the failure rate of a locator beacon).

5.4.1 Complete Factor Elimination

As illustrated in Figure 5.1, the beliefs of neighboring DA nodes share much of the
same topological aspects. More precisely, when ∥β − β̃∥1 ≪ |L| and the history1 H−

is shared between the nodes (i.e., they share the same belief-action parent node), then
the belief topology is identical up to F

(
|β̃ − β |

)
, where we recall that fi ∈ F(β) is an

observation factor as indicated by βi. Although in this work we limit our discussion
to a myopic comparison of DA, the concept can be extended to a non-myopic form.
In the SLAM scenario, β encodes the connectivity of pose to landmarks, with the
observations yet unspecified (as is symbolized by the square nodes in the factor graphs
of Figure 5.1). This similarity in the topology motivates the removal of selected DA
nodes, with guarantees in the form of bounds formulated as a function of the remaining
DA nodes. We examine Theorem 4.1 in its application to (3.3) to understand the

1When taking into account DA, Hk ≜ {a0:k−1, β1:k, Z1:k}
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potential method for eliminating specific realizations of DA.

E
β

[
E

Z |β
[V π(b)]

]
− EB

[
E

Z |β
[V π(b)]

]
=
∑

βi∈Bc
P (βi) E

Z |βi

[V π(b)] . (5.23)

where B ⊆ D.
Equation 5.23 is an equality as we have not yet bounded the expected value function.

The next step is to bound the conditional expectation.

5.4.2 Application to Conditional Entropy

For an application of eliminating realizations of DA, we look to conditional entropy as
our expected reward. Theorem 5.1 forms the basis of our bounds, but it does not take
into consideration different DAs. This brings us to our novel bound on the conditional
entropy that takes advantage of the problem topology in order to make high-dimensional
planning more tractable.

Corollary 5.4.1. LB(βdiff) ≤ H
(
X | Z , β̃

)
− H̄

(
X | Z , β, β̃

)
≤ UB(β, β̃) ∀β̃ , β ∈

D, where:

LB(β, β̃) = −
∑

fi∈F(βdiff)

(
log sup Mfi − log m∥fi∥

)
− UB

β′

(
E
Z

[log Cpm]
)

, (5.24a)

UB(βdiff) = −
∑

fi∈F(βdiff)

(
log inf mfi − log M∥fi∥

)
, (5.24b)

H̄
(
X | Z , β, β̃

)
≜ H (X ) + E

Z |β′

[
log
∥∥∥P (X)

∏
fi∈F(β′)

fi

∥∥∥X

q

]
, (5.24c)

βi
diff ≜ max(β̃i − βi, 0), β′ ≜ β̃ − βdiff and UBβ′

(
E
Z

[log Cpm]
)

is defined in the proof.

Proof From Proposition A.2.1, if we take the global extremes and completely eliminate
the observations we trivially arrive at the desired statement.

For this case:

UB
β′

(
E
Z

[log Cpm]
)

= −m log p

p
− log q

q
−

∑
fi∈F(βdiff)

log inf mfi
− E

Z |β′
[log mX ]

+ E
Z |β′

log

 ∑
fi∈F(βdiff)

(sup Mfi
)p−1 inf mfi

+ M q−1
X mX

 ,

where

Mfi
≜ sup

X
P (zi | X) , mfi

≜ inf
X

P (zi | X) ,

MX ≜ sup
X

∏
fi∈F(β′)

fiP (X) , mX ≜ inf
X

∏
fi∈F(β′)

fiP (X) . ■
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It should be noted that for the bounds to be meaningful, inf mfi
> 0. For example,

this is not the case when fi is the Gaussian distribution. Furthermore, this limits the
discussion of fi to finite support.

As an example let us assume β̃ =
[
1 1 0

]⊺
and β =

[
0 1 1

]⊺
. For such a case

we find that βdiff =
[
1 0 0

]⊺
and β′ =

[
0 1 0

]⊺
. We note that β′ indicates as to

what associations are shared between β̃ and β . We provide the equivalent definitions
βi′ ≡ β̃i ∧ βi and βi

diff ≡ β̃i ∧ ¬βi. When β̃ ⪰ β , β′ ≡ β and when β̃ ⪯ β , βdiff = 0
resulting in no computational benefit, as the computational benefit is proportional to
∥βdiff∥1. This highlights the trade-off between computational efficiency and tightness
of the bounds when selecting a β ∈ B for the computation of Corollary 5.4.1.

To incorporate Corollary 5.4.1 into planning, the bounds must be applied in the
context of the value function. As shown, the bounds are myopic and bound the im-
mediate expected reward. Corollary 5.1.5 allows for bounding the value function with
respect to bounds on the immediate expected reward. In a similar fashion we can
bound the expected value function as shown in (5.23), where now different realizations
of DA are taken into consideration.

We are unaware of prior works that provide bounds on the value function while
considering different DA realizations, when the reward is the entropy of the state.
In [SI22a] the authors consider the Shannon entropy of the hypothesis probabilities.
In [YI24] the authors consider simplification of the observation space for the expected
differential entropy for a given DA.
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Chapter 6

Experiments

6.1 Low Dimensional Reward Bounds

6.1.1 Simulation Setup

Figure 6.1: The trajectory of the particle-filter over time. The action taken each time-
step is [1, 1].

We begin our empirical study in a low dimensional particle-filter scenario. The agent
is given to be in R2, and we begin with a prior belief b0 ∼ N(0, Iσ2

0). The agent is moved
along a predetermined trajectory for which it is given a transition model upon which
to perform predictions of the form x′ = x + a + ωa where ωa ∼ Nra(0, Iσ2

a). The agent
also gathers noisy measurements along its path z = x + ωz , where ωz ∼ Nrz (0, Iσ2

z )
and the observation noise is time dependent. Nr(0, Σ) is a multivariate zero-mean
Gaussian distribution with covariance Σ and truncated at radius r, allowing for an
infimum greater than zero, which is reasonable given noise filtering and outlier pruning
practices. The belief is maintained as a set of weighted particles {Xi, wi}N

i=1 and we
use a particle-filter to update the belief each time-step. The reward is an estimator
of the entropy given by [BDBM10]. At the end of each update step particles with
zero weight were discarded (possible because of the truncated Gaussian), after reward
calculation resampling was performed. The trajectory of the particle-filter can be seen
in Figure 6.1. We evaluate our bounds Proposition 5.3.2 and compare them to those
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provided by [SI22b].

6.1.2 Results

Figure 6.2: The relative speed-up of each bounding algorithm on the Boer’s estimator,
speed-up is relative to the Boer’s estimator time. Results are averaged over 10 runs
using a nominal set of 1000 belief particles.

In our comparison there are two primary aspects which we would like to investigate.
This first is the relative computational efficiency of each algorithm, and the second is
the bound tightness. Beginning with the computational efficiency, the Boer’s estimator
requires O(N2) computations. We define α = n/N to be the simplification factor, as
such the computational complexity of the SITH bounds are αsN2 and the complexity of
our bounds are α2

pN2 for 0 < α ≤ 1. Thus for the same level of simplification, we expect
a quadratic speed-up, whereas the SITH bounds are limited to a linear speed-up. If we
look at Figure 6.2 we observe this exact behavior. Furthermore, as the SITH algorithm
also makes use of computations on the complementary set of particles is complexity has
some added linear complexity with respect to N , this is often observed at large values of
α where there is not much simplification. For example, for αs = 0.8 and 0.9 the relative
speed-up is less than 1, meaning that calculating the bounds is more computationally
expensive. From Figure 6.3 1 it is apparent that as α shrinks both bounds become
looser, as is expected, but that the bounds of SITH loosen more than our bounds. In
all cases our lower bound outperforms that of SITH. With respect to the upper bound,
as we use less particles in the bound calculations, we note that our bounds begin to
outperform those of SITH. In these simulations we defined αs = α2

p and use the same
n particles between bounds. The idea was to keep the speed-up constant between the
algorithms and compare for bound tightness. What we see though is that even though
the same particles are used, our bounds still outperform those of SITH with respect to
speed-up, almost by a factor of two at times, while supplying comparable bounds, if not

1The periodicity in the plots is a results of the periodic definition of the observation covariance in
the simulations.
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(a) αp = 0.3, relative speed-up of
11.0 ± 2.7 for partial expectation
and 5.8 ± 1.5 for SITH

(b) αp = 0.5, relative speed-up of
3.6 ± 0.5 for partial expectation
and 2.0 ± 0.3 for SITH

(c) αp = 0.7, relative speed-up of
1.9 ± 0.2 for partial expectation
and 1.2 ± 0.2 for SITH

Figure 6.3: Bounds on the Boer’s estimator for αs = α2
p, averaged over 10 runs using a

nominal 1200 belief particles.

better. Finally we would like to note that for larger values of σz (we found this to be
about σz > ra + rz ), the SITH upper bound would becomes superfluous, returning ∞.
This is due to the upper bound of (b) in Theorem 3. of [SI22b] which is a summation of
the transition likelihood between a subset of prior particles and all propagated particles.
As we use a particle-filter, nothing ensures that a propagated particle will have a prior
particle with non-zero transition likelihood because of the truncated Gaussian. This
problem is avoided in our bounds as the summation is between a subset of prior particles
and the propagated subset itself.

6.2 High-Dimensional Planning

6.2.1 Simulation Setup

Figure 6.4: The agent path as dictated by the optimal actions, overlayed with the
actions selected by the maximum lower bound on the Q-function for κ = 0.5. In this
case the maximum lower bound was in agreement with the optimal action, this is not
always the case. The beacon intensity denotes its probability of success. And the line
intensities are directly proportional to the covariance of the observation factor used as
an initial belief.
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As discussed in Subsection 5.4.1, Corollary 5.4.1 can be utilized alongside (5.23)
when formulated for expected reward. The following simulations demonstrate the im-
provement in runtime and the resulting bounds obtained upon utilizing the aforemen-
tioned inequalities.

We consider planning in the landmark-SLAM scenario, a high-dimensional smooth-
ing problem where the state space expands over time to include current and past poses,
as well as landmarks in R2. The action space consists of unit circle motion primitives.
The transition model is given by x′ = x + a + ωa where ωa ∼ Nra(0, Iσ2

a), and the
observation model is given by z = l − x + ωz , where ωz ∼ Nrz (0, Iσ2

z ). Observations
are relative position between poses and landmarks. Each landmark li has probability
pi to succeed in sending an observation to the agent once the agent is within a radius
r of the landmark (i.e. P

(
βi | x, li

)
= 1

{
∥x − li∥ ≤ r

}
pi). The reward is given to be

negative entropy as the task is information gain.
An initial belief over the agent pose and landmarks is instantiated via a prior on

the initial pose and observation factors to each landmark. Subsequently belief tree
is constructed using sparse sampling, where, in addition to action and observation
nodes, we introduce DA nodes (see Figure 5.1). High-dimensional inference is handled
incrementally using the slices approach from [SLKI24]. After constructing the tree in
a downward pass, rewards, expected reward bounds, and Q-functions are calculated
in an upward pass while maintaining Bellman optimality. In the case of bounds on
the Q-function, the maximum over the lower and upper bounds are passed up. We
define κ as |B|

|D| , representing the proportion of DA nodes eliminated for the expected
reward bounds. When κ = 1 no nodes are eliminated and the expected reward remains
unchanged; for κ = 0 all β realizations are discarded, resulting in loose bounds on the
expected reward. Specifically, κ splits D into two sets: β ∈ B and β̃ ∈ Bc as required
for Corollary 5.4.1. The reference DA, β , is used to calculate bounds on H

(
X | Z , β̃

)
;

the selection process of a reference DA is not addressed in this work, and we simply
select a reference DA such that βdiff ̸= 0. Joint state sampling via [SLKI24] allows
access to the estimated joint likelihood which was used to evaluate the reward. The
weighted samples represent our belief over the state for reward calculations, using the
same samples for both rewards and bounds.

6.2.2 Results

From Figure 6.5 we first note that for κ = 0 the bounds are most loose, but offer a
significant speedup as shown if Table 6.1. In essence, these are the free bounds. For
κ = 1 we find that the bounds converge to the optimal Q-function and no penalty is
suffered to the speedup. Finally for κ = 0.5 and 0.7 we observe a speedup of ×2.6 and
1.3 respectively. Although the bounds on the Q-function overlap in both cases, not
permitting optimal action selection, they do allow for action elimination. For κ = 0.7
actions 2 and 3 can be eliminated, for κ = 0.5 actions 2 and 4 can be eliminated. The Q-
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Figure 6.5: Comparison of the Q-functions alongside the bounds calculated on the Q-
functions for various values of κ.

Table 6.1: A value of q = 2 was selected for Corollary 5.4.1. 150 samples were used for
inference, 150 observations per action for sparse sampling, and 100 samples for reward
calculations.

κ2 No. Eliminated Factors Reward Runtime [s] Bounds Runtime [s] Speedup
1 0 876.5 ± 164.5 874.0 ± 164.5 1.0

0.7 88 ± 45 991.1 ± 446.6 743.7 ± 283.4 1.3 ± 0.1
0.5 189 ± 92 720.8 ± 43.0 295.0 ± 94.5 2.6 ± 0.4
0 330 ± 164 651.7 ± 123.5 16.3 ± 0.6 39.8 ± 7.1

function bounds for a given κ differ in looseness as the bounds are proportional to P (Bc)
and so depend on the DA eliminated. As higher weighted DA nodes are discarded, the
bounds are proportionally weighted, the benefit being that often times DA nodes with
higher likelihood must be traversed more times for evaluating the reward. Finally, as
the number of DA nodes per action is limited in our simulation, often times we must
take βref = 0, as for all other βref βdiff = 0. Finally, due to the discrete nature of the
division of D, as |D| grows, the value of |B|

|D| approaches the pre-defined κ.

2results are averaged over three runs.
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Chapter 7

Discussion

In this paper, we address the challenges associated with planning under uncertainty
by introducing novel, tractable bounds on reward and value functions. We formulated
and proved novel bounds utilizing the concept of partial expectation and developed
probabilistic bounds that incorporate Hoeffding’s inequality. Providing conditions for
which they improve upon Hoeffding’s inequality. These novel bounds offer a compu-
tationally efficient alternative to optimal solution calculations, providing simplification
with guarantees.

We applied these bounds to various planning contexts, starting with bounding the
expected reward relative to the observation space, pertinent to both state and belief-
dependent rewards. Our approach extends to recursively bounding value functions
and addresses the complexities of information-theoretic rewards. In high-dimensional
state spaces, such as those found in active SLAM, we proposed methods for efficiently
reasoning about future observation realizations by leveraging the structure of belief
topologies. Finally we simulate planning in landmark-SLAM with bounds on the Q-
function. To the best of our knowledge planning with non-parametric beliefs with
landmark uncertainty has not been previously addressed, and more-so for the case of
belief dependent rewards.

Future research should focus on optimizing the selection of the subset B to achieve
the tightest bounds and address guided MCTS [SV10] with our bounds. Furthermore,
leveraging the properties mentioned in Section 4.3 for an adaptive algorithm shows
promise. We look forwards to possible uses of the probability theory bounds in other
fields.
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Appendix A

Appendix

A.1 Appendix of Section 5.2

Proposition A.1.1. The conditional entropy of the r. v. Z given the r. v. X and
assuming access to the likelihood distribution, can be bounded by the difference of the
partial expectation with respect to Z . Thus LB ≤ H (Z | X ) − H̄Z (Z | X ) ≤ UB,
where:

LB = −P (Bc) log sup
Z∈Bc

MZ , (A.1a)

UB = −P (Bc) log inf
Z∈Bc

mZ , (A.1b)

H̄Z (Z | X ) ≜ −EB

[
E

X |Z
[log P (Z | X )]

]
. (A.1c)

Proof We begin by expressing the conditional entropy as follows

H (Z | X ) = −
∫ ∫

P (X) P (Z | X) log P (Z | X) dZdX

= −
∫ ∫

P (Z) P (X | Z) log P (Z | X) dXdZ

= −E
Z

[
E

X |Z
[log P (Z | X )]

]
,

As a direct consequence of Theorem 4.1

H (Z | X ) + EB

[
E

X |Z
[log P (Z | X )]

]
≤ −P (Bc) inf

Z∈Bc
E

X |Z
[log P (Z | X )]

we can then loosen the bounds via

inf
Z∈Bc

E
X |Z

[log P (Z | X )] ≥ log inf
X,Z∈Bc

P (Z | X)

= log inf
Z∈Bc

mZ ■
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Proposition A.1.2. The entropy of the r. v. Z , which is distributed like the normalizer
of the belief, can be bounded with a difference of a partial expectation, such that LB ≤
H (Z) − H̄Z (Z) ≤ UB, where

LB = −P (Bc) log M∥Z∥(Bc) , (A.2a)

UB = −P (Bc) log m∥Z∥(Bc) + UB
B

(
E
Z

[log Cpq]
)

, (A.2b)

H̄Z (Z) ≜ −EB
[
log∥P (Z | X)∥(X)

p

]
− log∥P (X)∥(X)

q , (A.2c)

and

UB
B

(
E
Z

[log Cpq]
)

= − log p

p
− log q

q
− EB [log mZ ] − log mX

+EB
[
log

(
mXM q−1

X + mZMp−1
Z

)]
+P (Bc) log

(
mXM q−1

X + inf
Z∈Bc

mZ

(
sup

Z∈Bc
MZ

)p−1)
−P (Bc) log inf

Z∈Bc
mZ .

(A.3)

Proof Bounding the normalizer entropy (H (Z)) is more difficult, and requires two
bounding steps. In the first step we will use Holder’s inequality and its variants [Wan77]
to separate the observations from the belief. We can then subsequently apply bounds
of the form seen in Theorem 4.1.

For both upper and lower bounds we begin by bounding the normalizer:

P (Z) =
∫

P (Z | X) P (X) dX ,

bounding above by
∥P (Z | X)∥(X)

p ∥P (X)∥(X)
q , (A.4)

and bounding below by [Wan77]

C−1
pq ∥P (Z | X)∥(X)

p ∥P (X)∥(X)
q , (A.5)

where 1
p + 1

q = 1, ∥·∥(S)
p is the pth norm with respect to S and

Cpq ≜
Mp−1

Z

mX
+ Mq−1

X

mZ

p1/pq1/q
,
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with p, q > 1, limited by (A.5), and

MZ ≜ sup
X

P (Z | X) , mZ ≜ inf
X

P (Z | X) ,

MX ≜ sup
X

P (X) , mX ≜ inf
X

P (X) ,

under the assumption that the infimum of the functions are greater than zero.

In the following we will prove the upper bound, the lower bound is derived in a
similar manner but for Cpq = 1. Applying inequalities (A.11) and (4.8b) we find that

H (Z) ≤ E
Z

[log Cpq] − E
Z

[
log

(
∥P (Z | X)∥(X)

p ∥P (X)∥(X)
q

)]
= E

Z
[log Cpq] − E

Z

[
log∥P (Z | X)∥(X)

p

]
− log∥P (X)∥(X)

q

≤ E
Z

[log Cpq] − EB
[
log∥P (Z | X)∥(X)

p

]
− log∥P (X)∥(X)

q

−P (Bc) inf
Z∈Bc

log∥P (Z | X)∥(X)
p

≤ E
Z

[log Cpq] − EB
[
log∥P (Z | X)∥(X)

p

]
− log∥P (X)∥(X)

q

−P (Bc)
(
log m∥Z∥(Bc)

)
where

m∥Z∥(B) ≜ inf
Z∈B

∥P (Z | X)∥(X)
p ,

M∥Z∥(B) ≜ sup
Z∈B

∥P (Z | X)∥(X)
p .

Via the definition of Cpq we can further refine the bounds

E
Z

[log Cpq] = − log p

p
− log q

q
− log mX + E

Z

[
log

(
Mp−1

Z +
mXM q−1

X

mZ

)]

≤ − log p

p
− log q

q
− log mX + EB

[
log

(
Mp−1

Z +
mXM q−1

X

mZ

)]

+P (Bc) sup
Z∈Bc

log
(

Mp−1
Z +

mXM q−1
X

mZ

)

≤ − log p

p
− log q

q
− log mX − EB [log mZ ]

+EB
[
log

(
mXM q−1

X + mZ Mp−1
Z

)]
− P (Bc) log inf

Z∈Bc
mZ

+P (Bc) log
(
mXM q−1

X + inf
Z∈Bc

mZ

(
sup

Z∈Bc
MZ

)p−1) ■
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A.2 Appendix to Section 5.4

Proposition A.2.1. The conditional entropy of the r. v. X given the r. v. Z = z1:n

can be bounded by the difference of the partial expectation with respect to z1:m for
m ≤ n. Thus LBm ≤ H (X | Z) − H̄m (X | Z) ≤ UBm, where:

LBm = −
m∑

i=1
P (Bc

i )

(
log sup

zi∈Bc
i

Mzi − log m∥zi∥(Bc
i )

)
− UB

zm+1:n

(
E
Z

[log Cpm]
)

, (A.6a)

UBm = −
m∑

i=1
P (Bc

i )
(

log inf
zi∈Bc

i

mzi − log M∥zi∥(Bc
i )
)

, (A.6b)

H̄m (X | Z ) ≜ H (X ) + E
zm+1:n

log

∥∥∥∥∥∥
n∏

j=m+1
P
(
zj | X

)
P (X)

∥∥∥∥∥∥
(X)

q


+

m∑
i=1

EBi

[
log
∥∥P
(
zi | X

)∥∥(X)
p

]
− EBi

[
E

X |zi

[
log P

(
zi | X

)]]
,

(A.6c)

and

UB
z1:m

(
E
Z

[log Cpm]
)

= −m log p

p
− log q

q

−
m∏

i=1
P (Bi)

(
E

zm+1:n
[log mX ] +

m∑
j=1

EBj [log mj ]
P (Bj)

)

+ E
zm+1:n

[
EB1

[
· · · EBm

[
log
(

m∑
i=1

Mp−1
zi mzi + M q−1

X mX

)]
· · ·
]]

+
(

1 −
m∏

i=1
P (Bi)

)(
−

m∑
i=1

log inf mzi

+ E
zm+1:n

[
− log mX + log

(
m∑

i=1

(
sup Mzi

)p−1
inf mzi + M q−1

X mX

)])

(A.7)

Proof H (Z | X ) =
|Z |∑
i=1

H
(
zi | X

)
assuming conditional independence of the observa-

tions, as such we can bound H (Z | X ) with a sum of bounds from Proposition A.1.1
given the conditional independence of observations. Bounds on the normalizer entropy
H (Z) are given by Proposition A.2.2. ■

Note that m∥zi∥(B) ≥ inf
zi∈B

mzi and M∥zi∥(B) ≤ sup
zi∈B

Mzi and can be used to loosen

the bounds if needed.
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Proposition A.2.2. LBm ≤ H (Z) − H̄m (Z) ≤ UBm for Z = z1:n, where:

LBm = −
m∑

i=1
P (Bc

i ) log M∥zi∥(Bc
i ) , (A.8a)

UBm = −
m∑

i=1
P (Bc

i ) log m∥zi∥(Bc
i ) + UB

z1:m

(
E
Z

[log Cpm]
)

, (A.8b)

H̄m (Z) ≜ −
m∑

i=1
EBi

[
log
∥∥∥P (zi | X

)∥∥∥(X)

p

]

− E
zm+1:n

log

∥∥∥∥∥∥
n∏

j=m+1
P
(
zj | X

)
P (X)

∥∥∥∥∥∥
(X)

q

 ,

(A.8c)

and

UB
z1:m

(
E
Z

[log Cpm]
)

= −m log p

p
− log q

q
−

m∏
i=1

P (Bi)
(

E
zm+1:n

[log mX ] +
m∑

j=1

EBj [log mj ]
P (Bj)

)

+ E
zm+1:n

[
EB1

[
· · · EBm

[
log
(

m∑
i=1

Mp−1
zi mzi + M q−1

X mX

)]
· · ·
]]

+
(

1 −
m∏

i=1
P (Bi)

)(
−

m∑
i=1

log inf mzi

+ E
zm+1:n

[
− log mX + log

( m∑
i=1

(
sup Mzi

)p−1
inf mzi + M q−1

X mX

)])

(A.9)

Proof For both bounds we begin by bounding the normalizer,

P (Z) =
∫

P
(
z1:n | X

)
P (X) dX

=
∫ n∏

i=1
P
(
zi | X

)
P (X) dX

above by

P (Z) ≤
m∏

i=1

∥∥∥P (zi | X
)∥∥∥(X)

p

∥∥∥∥∥∥
n∏

j=m+1
P
(
zj | X

)
P (X)

∥∥∥∥∥∥
(X)

q

(A.10)

and below by (see [Wan77])

P (Z) ≥ C−1
pm

m∏
i=1

∥∥∥P (zi | X
)∥∥∥(X)

p

∥∥∥∥∥∥
n∏

j=m+1
P
(
zj | X

)
P (X)

∥∥∥∥∥∥
(X)

q

(A.11)
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where p = mq
q−1 and

Cpm ≜
∑m

i=1 Ki(p) + Km+1(q)
pm/pq1/q

,

Ki(p) ≜
Mp−1

zi

mX

∏
k ̸=i

mk

, Km+1(q) ≜
M q−1

X∏
k

mzi

,

Mzi
≜ sup

X
P (zi | X) , mzi

≜ inf
X

P (zi | X) ,

MX ≜ sup
X

n∏
j=m+1

P
(
zj | X

)
P (X) , mX ≜ inf

X

n∏
j=m+1

P
(
zj | X

)
P (X) ,

under the assumption that the infimum of the functions is greater than zero.

In the following we will prove the upper bound, the lower bound is derived in a
similar manner but for Cpm = 1. Applying inequalities (A.11), and proposition (4.2.6)
we find that entropy of the normalizer is bounded above

H (Z ) ≤ E
z1:n

[log Cpm] − E
z1:n

[
m∑

i=1
log
(∥∥P

(
zi | X

)∥∥(X)
p

)]

− E
z1:n

log

∥∥∥∥∥∥
n∏

j=m+1
P
(
zj | X

)
P (X)

∥∥∥∥∥∥
(X)

q

 (A.12)

= E
z1:n

[log Cpm] −
m∑

i=1
E
zi

[
log
(∥∥P

(
zi | X

)∥∥(X)
p

)]

− E
zm+1:n

log

∥∥∥∥∥∥
n∏

j=m+1
P
(
zj | X

)
P (X)

∥∥∥∥∥∥
(X)

q

 (A.13)

≤ E
z1:n

[log Cpm] −
m∑

i=1
EBi

[
log
(∥∥P

(
zi | X

)∥∥(X)
p

)]
−

m∑
i=1

P (Bc
i ) inf

zi∈Bi

log
(∥∥P

(
zi | X

)∥∥(X)
p

)

− E
zm+1:n

log

∥∥∥∥∥∥
n∏

j=m+1
P
(
zj | X

)
P (X)

∥∥∥∥∥∥
(X)

q


(A.14)

≤ E
z1:n

[log Cpm] −
m∑

i=1
EBi

[
log
(∥∥P

(
zi | X

)∥∥(X)
p

)]

−
m∑

i=1
P (Bc

i ) log m∥zi∥(Bc
i ) − E

zm+1:n

log

∥∥∥∥∥∥
n∏

j=m+1
P
(
zj | X

)
P (X)

∥∥∥∥∥∥
(X)

q
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Via the definition of Cpm we can further refine the bound

E
z1:n

[log Cpm] = −m log p

p
− log q

q
+ E

z1:n

log
∑m

i=1 Mp−1
zi mzi + M q−1

X mX

mX
∏m

i=1 mzi


≤ −m log p

p
− log q

q

+ E
zm+1:n

[
EB1×···×Bm

[
log

∑m
i=1 Mp−1

zi mzi + M q−1
X mX

mX
∏m

i=1 mzi

]

+
(

1 −
m∏

i=1
P (Bi)

)
sup

z1:m∈(B1×···×Bm)c
log

∑m
i=1 Mp−1

zi mzi + M q−1
X mX

mX
∏m

i=1 mzi

]

≤ −m log p

p
− log q

q

−
m∏

i=1
P (Bi)

(
E

zm+1:n
[log mX ] +

m∑
j=1

EBj [log mj ]
P (Bj)

)

+ E
zm+1:n

[
EB1

[
· · · EBm

[
log
(

m∑
i=1

Mp−1
zi mzi + M q−1

X mX

)]
· · ·
]]

+
(

1 −
m∏

i=1
P (Bi)

)(
−

m∑
i=1

log inf mzi

+ E
zm+1:n

[
− log mX + log

( m∑
i=1

(
sup Mzi

)p−1
inf mzi + M q−1

X mX
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ודאות. אי בתנאי תכנון בעיות לפתרון יותר יעילה חישובית גישה ומציעים

תוחלת על לגבולות הוכחות ומציגים תכנון במסגרת החדשים הגבולות את מיישמים אנו בהמשך,

הכללית הערך פונקציית על גבולות להציב ניתן כיצד מוכיחים אנו התצפית. למרחב ביחס התגמול

במצב שדנו לאחר התצפיות. למרחב ביחס חלקית בתוחלת שימוש באמצעות רקורסיבית בצורה

יותר מורכבת שהיא האינפורמציה), מתורת תגמול (תוחלת מותנית באנטרופיה מתמקדים אנו הכללי,

המיידי התגמול תוחלת על חדשים גבולות מנסחים אנו זו, הנחה תחת מצב. תלוי תגמול מאשר לתכנון

מתייחסים אנו בנוסף, הכוללת. הערך פונקציית על גבולות לגבש שמאפשר מה התצפית, למרחב ביחס

משופרת חישובית יעילות עם חסמים עליו ומנסחים האנטרופיה, עבור משערך שהוא בּוּר, של למשערך

קודמות. לעבודות ביחס

בעלת אמונה מבנה. בעלת אמונה עם בעיות עבור BSP/POMDP בתכנון עוסקים אנו מכן, לאחר

צורך יש אלה, במצבים .SLAM כמו ממדים, גבוה מצב במרחב לבעיות האופיינית תכונה היא מבנה

אמונה לטופולוגיית מתאים מימוש כל כאשר שונות, עתידיות מידע אסוציאציות במימושי להתחשב

בלבד, מהמימושים בחלק להתמקד המאפשרים הערך פונקציית על חדשים גבולות מנסחים אנו שונה.

פורמליות. ערובות מתן תוך

כוללות: זו עבודה של המרכזיות התרומות לסיכום,

החלקית. התוחלת במושג שימוש תוך התוחלת, על חדשים גבולות והוכחת ניסוח �

תנאים עם חלקית, תוחלת של לאומדנים התיאורטית התוחלת בין חדשים גבולות והוכחת ניסוח �

הופדינג. אי-שוויון על לשיפור

תגמולים. פישוט באמצעות הערך פונקציית על חדשים גבולות ניסוח �

המותנית. האנטרופיה על חדשים גבולות ניסוח �

משופרת. חישובית יעילות עם בּוּר, של האנטרופיה על חדשים גבולות ניסוח �

בין בחישובים חוזר שימוש שמאפשר דבר רבות, POMDP בבעיות אמונות של המבנה ניצול �

דומות. טופולוגיות בעלי תגמולים

ii



תקציר

Partially Observableכ כלל בדרך מפורמל חלקית, נצפה המצב מרחב כאשר ודאות אי תחת תכנון

המלאכותית הבינה קהילת בפני משמעותי אתגר מציב ,Markov Decision Process (POMDP)
אפשרית אשר גלובלי, אופטימלי פתרון מציאת היא זה בתכנון המרכזית הבעיה הרובוטיקה. והנדסת

הסטנדרטיות ההנחות כאשר במיוחד למאתגרות הופכות אלו בעיות ביותר. קטנות הבעיות עבור רק

מתקיימות. אינן (belief space) האמונה מרחב על

הגבוהה המורכבות בשל רבה לב לתשומת POMDPs עבור התכנון בעיית זוכה האחרונה, בתקופה

הגישות מתקדמת. ורובוטיקה אוטונומיים רכבים כגון האמיתי, בעולם שלה הרבים והיישומים שלה

או התצפית המצב, מרחבי של למאפיינים בהתאם משתנות POMDP לבעיות פתרון למציאת השונות

שמציאת בכך טמון המרכזי האתגר השניים. של שילוב או רציפים, בדידים, להיות שיכולים הפעולה,

,POMDP-ה ידי על המוגדרים האקראיים המשתנים בכל התחשבות דורשת גלובלי אופטימלי פתרון

יותר גדול אקספוננציאלי ובאופן ממדים, נמוכי מצב במרחבי גם עצום חישובי לקושי שמוביל דבר

ממדים. גבוהי מצב במרחבי

פותרות אינן אך מסייעות, אכן האמונה מרחב על מקלות הנחות באמצעות אלו בעיות לפשט ניסיונות

המספקים מקורבים פתרונות המציעות חישוביות בגישות הצורך עולה לכן, מלא. באופן הבעיה את

גבולות זו, בגישה ממדים. גבוהי מצב במרחבי ביעילות לתכנן מאפשרות ואשר פורמליות ערובות

המדויקים לחישובים אטרקטיבית חלופה מהווים התגמול או הערך פונקציית על הבטחות עם חישוביים

האופטימלי. הפתרון עבור הנדרשים

המלאכותית, והבינה הרובוטיקה בתחום בשימוש הנפוצים ההסתברות, בתורת מרכזיים אי-שוויונים שני

על תחתונים גבולות הצבת מאפשר מרקוב אי-שוויון הופדינג. ואי-שוויון מרקוב אי-שוויון הם

לאומדני התיאורטית התוחלת בין הסתברותיים גבולות מציב הופדינג אי-שוויון בעוד התוחלת,

דגימות. על המבוססים התוחלת

בתורת יעילים חישוביים מגבולות נובע POMDPs במרחבי יעיל תכנון כי טוענים אנו זו, בעבודה

ערובות עם חדשים חישוביים גבולות פיתוח על המבוססת חדשנית גישה ומציעים ההסתברות,

לתוחלת ישירות פרופורציונלי שהוא חלקית, תוחלת של המושג את מציגים אנו ראשית, פורמליות.

את ומציינים החלקית, התוחלת לבין התוחלת בין ותחתונים עליונים גבולות מגדירים אנו מותנית.

של הרצויות לתכונות מתייחסים בנוסף, הללו. הגבולות בחישוב הקשורה החישובית המורכבות

אי- עם שהתקבלו הגבולות את משלבים אנו מכן, לאחר ההחלטות. קבלת תהליך עבור הגבולות

ביחס התוחלת על הסתברותיים גבולות להציב בתורו המאפשר חדש גבול ומנסחים הופדינג, שוויון

הופדינג, מאי-שוויון טובים אלו גבולות שבהם תנאים מספקים אנו החלקיות. התוחלות של לאומדנים
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ורובוטיקה. אוטונומיות למערכות בתוכנית אינדלמן, ואדים פרופסור של בהנחייתו בוצע המחקר

והשוואה התייחסות והצגתם, עיבודם הנתונים, איסוף כולל המחקר, כי מצהיר זה חיבור מחבר

המידה אמות לפי המבוצע מדעי ממחקר כמצופה ישרה, בצורה כולו נעשה וכו', קודמים למחקרים

ישרה בצורה נעשה זה בחיבור ותוצאותיו המחקר על הדיווח כן, כמו האקדמי. העולם של האתיות

מידה. אמות אותן לפי ומלאה,

ובכתבי-עת בכנסים למחקר ושותפיו המחבר מאת כמאמרים פורסמו זה בחיבור התוצאות מן חלק

הינן: ביותר העדכניות גרסאותיהם אשר המחבר, של הדוקטורט מחקר תקופת במהלך

Ohad Levy-Or and Vadim Indelman. Novel class of expected value bounds and applications
in belief space planning. In Israel Annual Converence On Aerospace Sciences (IACAS), 2024.

Ohad Levy-Or and Vadim Indelman. Novel class of expected value bounds and applications
in belief space planning. In IEEE Trans. Robotics, 2024. To be submitted.
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