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Abstract. Partially Observable Markov Decision Processes (POMDPs)
provide a principled mathematical framework for decision-making under
uncertainty. However, the exact solution to POMDPs is computationally
intractable. In this paper, we address the computational intractability
by introducing a novel framework for adaptive open-loop simplification
with formal performance guarantees. Our method adaptively interleaves
open-loop and closed-loop planning via a topology-based belief tree, en-
abling a significant reduction in planning complexity. The key contribu-
tion lies in the derivation of efficiently computable bounds which pro-
vide formal guarantees and can be used to ensure that our simplification
can identify the immediate optimal action of the original POMDP prob-
lem. Our framework therefore provides computationally tractable per-
formance guarantees for macro-actions within POMDPs. Furthermore,
we propose a novel framework for safely skipping replanning during ex-
ecution, supported by theoretical guarantees on multi-step open-loop
action sequences. To the best of our knowledge, this framework is the
first to address skipping replanning with formal performance guaran-
tees. Practical online solvers for our proposed simplification are devel-
oped, including a sampling-based solver and an anytime solver. Empiri-
cal results demonstrate substantial computational speedups while main-
taining provable performance guarantees, advancing the tractability and
efficiency of POMDP planning.

1 Introduction

Partially Observable Markov Decision Processes (POMDPs) constitute a fun-
damental mathematical framework for sequential decision-making under uncer-
tainty. Despite the theoretical elegance and broad applicability across diverse
domains, POMDPs suffer from significant computational intractability, known
as the curse of dimensionality and the curse of history.

Extensive research has focused on approximation methods to improve POMDP
tractability [I5J1222/T94IT7)2]. Open-loop planning has emerged as a promis-
ing approach, reducing the belief tree complexity by eliminating observation
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branches [BIII7]. Unlike closed-loop methods that adapt to observations, open-
loop approaches execute predefined action sequences without gathering observa-
tions during execution, also known as macro-actions [5].

However, open-loop planning and macro-actions typically yield suboptimal
solutions without any performance guarantees. Although prior work [5] offers
bounds for macro-actions, these rely on the computationally intractable Value of
Information (Vol), restricting their practical online use. This limitation exposes a
fundamental gap in the existing literature: the absence of tractable performance
guarantees for open-loop approximations relative to the original POMDP—a gap
that this work aims to address.

Furthermore, conventional online POMDP planners replan after executing
only the first action, even in the open-loop approximation setting [7]. Skipping
replanning can be an effective strategy to simplify POMDP planning at the
execution level. While recent learning-based approaches have begun to address
this challenge [8], the establishment of formal performance guarantees for safely
skipping replanning remains an open problem that we tackle in this work.

Specifically, in this work, we propose a novel framework for adaptive open-
loop POMDP simplification at two levels: first, it enables POMDP planning
simplification while maintaining performance guarantees that ensure the identi-
fication of the same optimal action at the root as the original POMDP; second,
it enables safely skipping replanning with formal performance guarantees.

More specifically, at the planning level, we pro-
pose a novel method that adaptively introduces the
open-loop mode to some belief nodes, excluding ob-
servations to simplify POMDP planning with per-
formance guarantees. As illustrated in Fig. [1} the
incorporation of open-loop planning can dramati-
cally reduce the size of the belief tree, which di- a/ \a
rectly corresponds to a reduction in planning com-
plexity. Our method adaptively chains open-loop
and closed-loop steps. We derive novel computa-
tionally tractable bounds that relate this simpli-
fied POMDP to the original POMDP. Importantly,

O d

Open-loop step Closed-loop step

our bounds only depend on the simplified prob-
lem, enabling POMDP simplification with compu-
tationally tractable performance guarantees. This,
in turn, enables online adaptation between open-
loop and closed-loop branches in the belief tree by
utilizing the corresponding bounds. To the best of
our knowledge, this constitutes the first work to pro-
vide computationally tractable formal guarantees
for incorporating open-loop planning, and equiva-
lently, macro-actions into POMDPs.

Fig.1: A hybrid belief
tree demonstrating the
computational advantage
of open-loop planning.
The left branch em-
ploys open-loop action
sequences, while the right
branch utilizes traditional
closed-loop planning.

At the execution level, we propose the first framework for skipping replanning
in POMDPs with formal performance guarantees. Specifically, we establish novel
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bounds on the posterior @-values at future planning sessions based solely on the
current planning session. We show that whenever these bounds satisfy certain
conditions, the agent can safely skip replanning and execute multi-step open-loop
actions that are guaranteed to be identical to the immediate optimal actions of
the original POMDP problem, obtained through explicit replanning.

Further, we employ a sampling-based solver and an anytime solver for the de-
rived bounds and demonstrate our method’s effectiveness in simulated POMDP
environments. Our approach achieves significant computational speedups while
maintaining provable performance guarantees, highlighting its potential for real-
world applications.

To summarize, our main contributions are as follows:

— We introduce the first POMDP simplification framework that adaptively
incorporates open-loop steps and provides formal performance guarantees
for both planning and execution.

— For planning, we develop novel efficiently computable bounds for introduc-
ing adaptive open-loop steps in POMDP planning that yield provable per-
formance guarantees for our simplification method.

— For execution, we derive novel bounds for executing multi-step open-loop
steps in POMDPs, providing guarantees for safely skipping replanning.

— We develop practical sampling-based and anytime MCTS-style solvers for
our simplification framework, namely, AT-SparsePFT and AT-POMCP. They
demonstrate substantial computational improvements through empirical eval-
uation while maintaining theoretical guarantees.

2 Related Work

For general background on POMDPs in robotics, we refer to surveys [I3JT14]. This
section will focus on two specific aspects most relevant to this work: open-loop
planning of POMDP and skipping replanning.

Open-Loop Planning. Practical POMDP solvers employ various approximation
techniques to address the computational intractability, including approximate
belief representations [23J15/19] and memory-based approximations [92521]. Be-
yond approximation, simplification of POMDP with formal performance guar-
antees is essential for safety-critical tasks, including research on simplifying the
observation model [I7] and simplifying the state-observation space [2].

Within the POMDP literature, open-loop planning is often formulated as
macro-actions. He et al. [7] established the first formal analysis of macro-action
planning in POMDPs, providing crucial theoretical foundations for this ap-
proach. Subsequent work by Amato et al. [I] extended this framework to de-
centralized POMDPs, demonstrating the broader applicability of macro-action
abstractions in multi-agent systems.

Recent theoretical advances include Flaspohler et al.’s [5] novel approach
leveraging the Value of Information (Vol) to synthesize open-loop action se-
quences. While theoretically elegant, the substantial computational complex-
ity of Vol calculations presents practical limitations for POMDP simplification.
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From a robotic motion control perspective, Majumdar et al. [20] derived perfor-
mance bounds for robot motion models that implicitly provide guarantees for
open-loop planning in POMDPs, though these results do not directly address
the POMDP simplification problem.

Contemporary research has shifted toward data-driven methods for macro-
action sequence generation [I6JI8|, demonstrating promising empirical results.
However, these learning-based approaches currently lack the theoretical perfor-
mance guarantees necessary for safety-critical applications.

Skipping Replanning. Conventional online planning pipelines employ a cyclical
scheme of planning, execution, and replanning. However, the strategic decision of
when to forgo replanning has received limited attention. Traditional approaches
rely on hand-crafted replanning strategies, which often prove inflexible and sub-
optimal. Honda et al. [] recently addressed this gap through deep reinforcement
learning, proposing adaptive replanning strategies for dynamic environments.
However, their method lacks performance guarantees. To the best of our knowl-
edge, we present the first work with theoretical analysis of replanning strategies
in POMDPs with provable performance bounds.

3 POMDP Preliminaries

The basic model of POMDP is defined as a tuple: (X, A, Z,Pp, Pz, r, by), where
X is the state space, A is the action space, Z is the observation space. The tran-
sition model (or motion model) is defined as Pr(xg41|zk, ar), which describes
the probabilistic transition of the state from z € & to zx41 € X under a
certain action ai € A. The observation model is defined as Pz (zx|x ), which de-
scribes the probability of observation z; € Z given a certain state z € X'. The
reward function r is considered to be state-dependent, r(b,a) = Ey[r(z,a)]
and is bounded, i.e., r € [—Rmax, Rmax], With b representing the belief and a
representing the action. by is the initial belief.

Given that the true state is uncertain, a belief is maintained to represent the
distribution of the current state given the history. The belief at any time instant
k is defined as b, = P(xy|hs), where hy is the history at that time, defined
as hy 2 {z1:k, a0:—1}. A propagated history without the latest observation h,
is defined as hy, = {z1.k—1,0:k—1}, and the corresponding propagated belief is
b 2 Plailhp).

A deterministic policy function is defined as 7 : H — A, which decides
actions based on the history of beliefs. While a stochastic policy maps the history-
action pairs to a probability as: 7 : H x A +— [0,1]. The value function for a
certain policy 7 over the planning horizon L is defined as the summation of
all expected rewards: V7 (by) = r(bg, m5(bg)) + Zf:,i_l . E [r(b;, mi(b;))]. The

k+1:4
goal of a POMDP is to find the optimal policy n* that maximizes the value
function. The optimal policy can be calculated by the Bellman optimality as:

V™ (by) = maXg, [T’(bk, ax) + zElvﬂ*(bk—H)]-
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Fig. 2: Tllustration of two cases for performance guarantees: (a) overlapping
bounds necessitating topology refinement, and (b) non-overlapping bounds al-
lowing for optimal action determination.

4 Open-loop as Simplification of POMDP

In this section, we present a novel framework for POMDP simplification that
adaptively interleaves open-loop and closed-loop planning with formal perfor-
mance guarantees. We derive computationally tractable bounds wherein both
upper and lower bounds can be efficiently computed, depending solely on our
simplification method and serving as the foundation for our performance guar-
antees. We denote the upper and lower bounds as ub and b,

1b(T, bo, ag) < Q™ (bo, ao) < ub(,bo, ap), (1)

where 7 is a simplified topology, which can be seen as a control parameter of
simplification of the POMDP problem and will be defined later in this section.

Such bounds can be used to determine the optimal action ag of the original
POMDP problem in case there is no overlap between the highest lower bound
and the second-highest upper bound. If there is overlap, we need to refine the
topology 7 to achieve non-overlapping bounds. Fig. [2|illustrates these two cases.

4.1 Definition

In POMDP, the policy space for both deterministic and stochastic policies is
dependent on the history space. For the common full POMDP, the history will
include the latest observation. In contrast, open-loop planning does not incor-
porate observations, leading to a simplified history space, which is the starting
point of our simplification.

We define a history updater for single-step open-loop (OL) planning as
YOL(hy, ak, zx11) = {hi,ax}, for any possible observation 2,1 € Z, history
hry € Hpi, and action ap € A. This is in contrast to the standard single-
step closed-loop (CL) history updater, which we denote as ¥ (hy, ax, zky1) =
{hk,ak, zx+1}. By iterating the single-step open-loop history updater, we can get
the history for fully open-loop planning as: h, OL = fag.p_1}. On the other hand,
original POMDPs always use the closed-loop history updater, with a history of
REU = {211, ag:k—1}-
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In order to incorporate open-loop and closed-loop steps adaptively, we in-
troduce a topology 7 to define the history and belief tree structure. We de-

note its history as Adaptive Open-Loop (AOL) history, h?OL’T. The topology

7 is defined as a set of binary indicator functions ,BAOL’T(hQOL’T). Specifically,
6AOL’T(h£OL’7) = 1 indicates that a single-step open-loop planning is adopted

for the history k., while ﬁAOL’T(h:}OL’T) = 0 indicates a single-step closed-loop

planning. The augmented history update function v is defined as:

AOL, AOL,
hk T = wAOL(ﬁAOLJ—a hk71 T7 Ak—1, zk) (2>

AOL, . AOL,
{W(hkl Toan_1,2), if BAOLT(RAOLT) =

1,
= A . A
¢CL(hk701L’Taak—1,Zk), if IBAOLaT(hkgll-A,T) 0.

Here, h?OL’T denotes the augmented history at time step k& under topology T,
which can be either open-loop or closed-loop depending on the indicator func-
tions BACLT. By recursively applying from the initial belief to the plan-
ning horizon L, we construct a complete history space H?OL’T = {h?OL’T} and
the corresponding belief tree TAOL™ = {HtAOL’T : 1 <t < L} for topology
7. This formulation encompasses two extreme cases: fully open-loop planning,
where fAC%T = 1 for all nodes, and the original POMDP formulation with fully
closed-loop planning, where 3407 = 0 for all nodes.

This belief tree topology definition is an extension of [II], where the topol-
ogy is used to switch between original and simplified observation spaces and
models. In contrast, we use topology to chain open-loop and closed-loop steps,
contributing to an adaptive simplification of history.

Further, the augmented policy is defined as w-°%7 : 2O s AL It maps
augmented histories to actions, enabling adaptive switching between open-loop
action sequences and closed-loop policy steps according to the topology 7. The
corresponding @Q-function for adaptive policy is defined as Q”AOL’” (bo,ap) =
Eoo oo [7 (%0, @0)+E=, g a0 maXa, Q7 (b(hy OT), a)]. T BAOLT (hFOMT) = 1,
as determined by the adaptive topology, the expectation over z; cancels out.

We now introduce another level of open-loop planning where the observa-
tions are not considered but full observability is assumed. We introduce the
Adaptive Fully-Observable (AFO) policy 74F9" which employs topology T to
control observability—assuming full observability without dependence on obser-
vations at designated nodes while maintaining partial observability at others.
The corresponding adaptive history htAFO’T is updated according to:

AFO, AFO,
ht T _ T/JAFO(IBAFO7T, ht_l T7at—lazt) (3)

AFO, . AFO,
_ hyZy Tag_qxy, if BAFO’T(ht_l T)
- AFO, . AFO,

ZZ]CL(ht,l Taat—lazt)a if /BAFO’T(h’tfl -r)

L,
0.

Here, the indicator function B4F®7(.) within the topology 7 determines the
observability mode: fAFO7 = 1 denotes full observability at the belief node,
while AFO:T = 0 denotes partial observability. Similarly, the Q-function for the
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AFO policy is defined as

AFO,Tx* T(AFO.T* AFO,
Q" (b07a0) = IE950|bo [T(mO’a0)+E$1\bo,aoEzl|xl H(I;?XQ (b(hl T)7a1>]a
where if BAFO’T(h?FO’T) = 1, the expectation of z; will cancel out but the
expectation of z; will remain since the true state is included in hfFO’T.

4.2 Performance Guarantees

For the bounds in , we propose to adopt the @-function of the optimal adap-
tive open-loop policy 72°%7* for the lower bound Ib, and the optimal adaptive
fully-observable policy 7497 for the upper bound ub. We now present our
main result that establishes these upper and lower bounds over the optimal
Q-function of the original POMDP problem.

Theorem 1. Let ©* denote the optimal policy of the original POMDP. Consider
some topology Ty and T, and denote the topology-dependent optimal augmented
open-loop policy as m2OL72* _ In the same way, we denote the topology-dependent
optimal adaptive fully-observable policy as 2O 70" Then,

Q (bo, a0) < Q™ (bo,a0) < Q"
Proof. We provide the proof in Appendix [I}

gAOL T * AFO, 7 *

(bo, ag). (4)

Since the topologies 7y and 77, are always specified together and share the same
property, for simplicity, we denote 7 = (77, 7) and use 7 as shorthand for this
pair from now on when the meaning is unambiguous. Precisely, ub and [b may be
induced by different (but jointly specified) topologies: the upper bound uses 7y
through the AFO policy, while the lower bound uses 77, through the AOL policy.
Since we always consider them as a bundle, we use a slight abuse of notation
and use 7 as shorthand from now on since the distinction is clear from context.
In particular, based on Theorem (1} the bounds in are defined as

TAFO, 7x AOL, 7+

’U,b(T, bOaG/O) £ Q (bo,&o), lb(Ta bOaa/O) £ Qﬂ' (b03a0)~ (5>

As long as the bounds are easier to compute than the original POMDP and have
no overlap as shown in Fig. 2D] we can use them to determine the optimal action
ag of the original POMDP problem and achieve the simplification of POMDP
with formal performance guarantees.

When the bounds for different actions overlap under topology 7, we have
to explore an alternative topology 7’ to achieve non-overlapping bounds through
an iterative process, which continues until we identify the optimal action (see
Fig. . The transition process typically switches some of the belief nodes from
a simplified mode to the original POMDP mode. This iterative process mono-
tonically tightens the bounds; moreover, the bounds converge to the optimal
Q-function of the original POMDP after a finite number of iterations. We pro-
vide a detailed analysis of these properties in Appendix [ITI]
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4.3 Integration with Online POMDP Solvers

To bridge the gap between theoretical analysis and practical implementation,
we propose to use online POMDP solvers to estimate the bounds for our pro-
posed simplification method and adapt topology online. In this work we consider
two such solvers: sparse-sampling-style solver, Sparse-PFT [19], and an anytime
MCTS solver, namely POMCP [24], which estimates the bounds and adapts
the topology in an anytime manner. Specifically, in this section we consider a
particle belief POMDP setting, and introduce two solvers, AT-SparsePFT and
AT-POMCP. The results could be extended to POMDPs with theoretical beliefs,
i.e. belief-MDP, following [19]. Utilizing these solvers enables practical applica-
tions of our proposed adaptive open and closed loop online planning framework
with formal guarantees.

AT-SparsePFT. The SparsePFT algorithm represents beliefs using weighted
particles {z°,w’}}¥ |, where N is the number of particles and w’ denotes the

A XL, wi(at )
o YL, w '
Here 6(-) is the Dirac delta function. Sparse-PFT uses sparse sampling [I0] to
construct a search tree that, for each posterior belief node in the tree, branches
the entire action space and samples N© observations. Each posterior belief node
in the tree is updated using a particle filter.

To facilitate the bounds estimation in our simplification framework with
adaptive topology, we extend SparsePFT to AT-SparsePFT (Adaptive Topology
SparsePFT), which works on the belief tree with augmented history as defined
in and . Given a topology 7, AT-SparsePFT estimates the upper and lower
bounds (4)) over the optimal action-value function of the original (particle-belief)
POMDP, with formal finite-time guarantees. This is possible since these bounds
correspond to the optimal action-value function of the corresponding topology,
considering AOL and AFO settings. We provide probabilistic guarantees on the
estimation error of the estimated bounds by AT-SparsePFT for a given topology
7 in the following theorem.

weight of the i-th particle. The belief is formally denoted as: b()

Theorem 2. Fiz an arbitrary X > 0. Consider N© being the observation sam-
pling number, N being the state sampling number, and C' = min{N, N°}. For
every depth d € {0,...,L — 1} and every action aq € A. The following event

holds with probability at least 1 — 2|A| (|A|C) L~ exp(— 2%;?;2 )

|ub(bg, ag, 7) — ub(bg, aq,7)| <t , |Ib(ba,aq, ) — b(ba, aq, )| < t, (6)

where t £ (L_d)(%_l) A, and ub and Ib are the estimated bounds by SparsePFT
for a given topology T as

A= A LAFO, - A AOL,Tx

Ub(b07 ap, T) £ Q (b07a0) ) lb(b07a077—) £ Q

Proof. We provide the proof in Appendix [

(bo, ag).  (7)
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We utilize these estimated bounds to identify the optimal action at the root belief
node, same manner as shown in Fig. 2] Based on the probabilistic guarantee, we
can get the confidence level for identifying the optimal action via the estimated
bounds at the root belief node. In practice, we start from a highly-simplified ini-
tial topology, e.g., a completely open-loop setting, and utilize the AT-SparsePFT
solver to estimate the bounds in with probabilistic guarantees (Theorem [2)).
In case of an overlap at the root of the tree, as shown in Fig. 2a] we refine the
topology and repeat the process until we can determine the optimal action via
non-overlapping bounds, as shown in Fig. 2B The topology transition process is
described in Appendix Notably, the AT-SparsePFT solver caches and reuses
the belief nodes remaining unchanged when transitioning to the next topology,
which significantly reduces the computational overhead.

However, the sparse-sampling-style solver is limited to a short planning hori-
zon due to the exponential complexity on the action space. Next, we introduce
an anytime solver that scales better to longer horizons.

AT-POMCP. We adapt the MCTS-style solver POMCP [24] to estimate the
bounds used in the proposed simplification while adapting the topology in an
anytime manner, namely AT-POMCP (Adaptive Topology POMCP). In AT-
POMCP, the belief tree is constructed online according to the adaptive open-
loop history under a given topology 7. During each simulation, when expand-
ing new nodes, the solver uses the adaptive history updater defined in or
to associate the new node with its corresponding history. Inspired by the
progressive widening methodology [3] in continuous MCTS [26], we propose a
similar mechanism to adapt online the topology in a progressive manner during
the POMCP simulation. This means the topology will be updated once after a
given number of iterations following the procedure described in Appendix
This budget of iterations is adaptively updated using progressing widening. A
detailed algorithm is provided in Appendix [V] with lines 15 — 22 showing the
progressive adaptation of topology. As far as we know, this is the first work to
adapt the topology of a belief tree in an anytime progressive manner. We provide
the following convergence theorem for AT-POMCP:

Theorem 3 (Convergence of AT-POMCP). Considering a discrete POMDP,
for a suitable choice of the UCB parameter ¢ and progressive widening parameter

of AT-POMCP, the value function estimated by AT-POMCP, VAT* (bo), con-
verges in probability to the optimal value function, V*(by): VAT*(by) £ V*(bo).

Proof. The proof is provided in Appendix [V]]

To summarize, in this section we proposed a methodology for adaptive open-loop
simplification in POMDP planning with formal performance guarantees. Next,
we leverage it to enable skipping replanning in POMDPs with formal guarantees.
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5 Skipping Replanning with Performance Guarantees

Conventional online planners perform replanning at every time step after exe-
cuting the optimal immediate action af, which was computed during the initial
planning session at ¢ = 0. In this section, we introduce a novel framework that
enables skipping replanning at certain steps during execution while maintain-
ing formal performance guarantees. We formalize this approach as open-loop
execution of POMDPs with performance guarantees relative to standard online
planners within the original POMDP framework, where agents replan after each
execution step. This extends the adaptive open-loop planning presented in Sec-
tion [ to open-loop execution. To our knowledge, this is a novel methodology to
address the fundamental question of "when to replan" [§].

The proposed framework for skipping replanning in POMDPs comprises two
main phases: planning and execution. The planning phase employs the simplifica-
tion method introduced in Section[d} the execution phase facilitates safe skipping
of replanning. This framework is outlined in Algorithm [2] of Appendix [VII]

The core idea underlying the decision to skip replanning at a future time
instant k, during the current planning session at time instant ¢ = 0, involves rea-
soning about and bounding the corresponding action-value function Q™* (b, ax)
for different future posterior beliefs by and actions ag, with regard to the opti-
mal policy sequence 7}, ., ;. Conceptually, such bounds provide formal per-
formance guarantees that, under suitable conditions, enable skipping replanning
if the optimal immediate action a;, can be deterministically determined at time
instant t = 0. As will be seen, performance guarantees must be evaluated se-
quentially for future time instants, as these guarantees are meaningful only when
they hold for all preceding actions, allowing the agent to skip replanning in pre-
ceding sessions. In other words, the proposed framework can support skipping a
replanning session at a future time instant k as long as it can be skipped also in
all preceding time instances until then.

Our proposed framework for skipping replanning operates as an execution-
time decision that fully utilizes the time allocated to action execution and ob-
servation collection. Conventional online planners must pause while the agent
executes actions and gathers observations. In contrast, our method operates in
parallel with execution, thus avoiding additional overhead when assessing the
feasibility of skipping replanning. In scenarios where action execution demands
significant time, this approach yields substantial simplifications not only at the
planning level but also at the execution level. Compared to alternative methods
that reason if replanning can be skipped at each present time, given the cor-
responding posterior belief that is conditioned on the history at that time, our
approach fully exploits the execution time for action performance and observa-
tion acquisition, resulting in reduced replanning overhead, i.e., upon receiving
an observation from the environment, the decision of whether to skip replanning
is immediate.

The core of our proposed framework is to check the performance guarantees
for actions aj at future time steps with k € [1, L], as indicated in line 18 of
Algorithm [2| For the @-value of a; and posterior belief by at the k-th future



Open-loop POMDP Simplification with Formal Guarantees 11

planning session, Theorem [1| provides the bounds: Ib(7, by, ax) < Q™ (bg, ax) <
ub(7, by, ax), where Q™" is the optimal @Q-function at time k with an L-steps
planning horizon. However, the posterior belief by is unknown at the current
planning session (at time instant ¢ = 0). Given a topology 7 with open-loop
actions in the first k steps and recursively assuming the performance guarantees
hold for preceding actions aj.;—1, we now reformulate these bounds for any
future belief by to depend solely on information available at ¢ = 0:

Ib" (7, bg, ag.1) <1b(7, br, ax) <Q™ (by, ax) <ub(r, by, ax) <ub®(r,by, ag.). (8)

We can utilize these bounds, at time ¢ = 0, to check overlap for different can-
didate future actions a; and determine the optimal action aj, using the same
principle as shown in Fig. [2] and discussed in Section We denote this process
as checking Skipping Replanning Guarantees (SRG).

Specifically, consider a set of topologies 7%, where each topology 7 incorpo-
rates open-loop simplifications in the first k steps: 7% = {7 : 87(h) = 1,Vh €
Ho.x—1}- We present the main theorem deriving the bounds in :

Theorem 4. Consider the current time to be 0 and a topology T € T*. Assum-
ing a positive Q-function, we have:

~ _AOL,7*

k1
16" (7, bo, agk) £ Ci(Z, X7) (QZM (bo, aoik—1,ax) — ZE[T(bi,ai)]> » (9)

1=

k—1

1 ~ _AFO,7x

Ubk(Ta bo, ao:x) = W <Q7£+Z (bo, ao:k—1, ar) — E[T(bi;ai)]>o (10)
’ i=0

Here, er,jf'”(bo,ao:k_l,ak) s obtained by extending the planning horizon to
L + k, enforcing the action sequence ag.p—1 at the first k steps, and follow-

ing the policy © afterwards, i.e. erk(bo,a();k,l,ak) £ Zk E [r(b;,a;)] +

=0
Z1:4

min _ - ,v P(zj|z;)>0
Zi‘c:kL_A,_l E I:’I’(b“’f(':—*(bz))], and Ck(Z7XR) L Hk Z;€Z, JEXR{ (zjlz;)>0}
Z1:4

Jj=1 maXZjEZ,.’IJJ‘EXR{P(Zjlxj)>O}’

with X7 being the reachable state space after executing ag.,—1 from by, i.e. XF =
k-1

Xreach (bo, ao:k—1) = supp(P(xk|bo, ao:k—1)), and Y ;5 E[r(b;, a;)] corresponds to

the expected sum of rewards when executing the action sequence ag.x—1 from bg.

Proof. We provide the proof in Appendix
We now formulate conditions for skipping replanning with optimality guarantees.

Proposition 1. Consider the current time to be t = 0, the belief is by, and a

topology T € T*. For eachi € [1, k], we can obtain1b* (1, by, ag.;) and ub’ (7, by, ag.;)
as in Theorem . If for each i € [1,k|, we can identify the optimal action af,

i.e., af = argmax,c 4 ub' (7, bo, (af;_1,a)) and Ib*(1,bo, (ag,_,al)) >

ubi(T, bo, (ag.;_1,al)),Va, # af, as shown in Fig. then we can identify the op-

timal action sequence a.;, at time t =0 for all the possible future beliefs. Thus,

we can directly evecute ag.;, and replanning can be safely skipped for all future

planning sessions between time instances [1,k].
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; Planning : Execution: Observe: Planningi Execution iObserve i
i Time | Time | Time { Time Time § Time

t=0 . t=1 t=2 time

Plan ag % Plan a; 2
Execute (10 Execute a} 1

_ without replanning

If 2y € 24

Fig. 3: The process of skipping replanning based on the allowed observation set
Z,. The agent executes the action a} and checks if the observation z; belongs
to the set Z;. If it does, the agent skips replanning; otherwise, it triggers re-
planning. The process to skip replanning with performance guarantee is shown
in dotted lines, which can be conducted in parallel with the execution of action
and observation, thus reducing the replanning overhead.

However, the bounds presented in Theorem [4] may become uninformative in
certain scenarios, as C} accounts for all possible observations. To address this
limitation, we now propose a refined variant that enables performance guarantee
maintenance for skipping replanning across a broader range of scenarios.

We introduce a subset of observations Zi.;, termed the allowed observation
set for skipping replanning, where Vi € [1,k], Z; C Z. We can tighten the
bounds from Theorem [4| by constraining the factor Cj with 2., which can po-
tentially restore the performance guarantees in some scenarios where the original
formulation provides too loose bounds. For instance, in practice, the subset Z1.x
can be constructed to include some of the most likely observations.

Given the allowed observation set Z1.j, we can reformulate the bounds in
to account for this subset as [b" (7, bo, ag.x, Z1.1) and ub” (1, b0, ag:x, Z1:x), which
leads to the following theorem:

Theorem 5. Under the same conditions and definitions as in Theorem[f} but
given a subset of observations Z1.;, C Z, we have:

k-1

— L — — AOL,T*

b (7,b0, ao:ks Z1.%) = Ci(Z1:5, XT) (QL+kL (bo, ao:k—1,ar) — E[T(biaai)]> ;
=0

—k _ 1 AFO, =

ub (7'» bO»aO:k;lek): m (QL+k (bovaO:kflaak)—izo E[r(bhai)}) ,

where Cy(Z1.5, X®) is defined in Theorem .
Proof. We provide the proof in Appendix

Based on the reformulated bounds, we can now determine whether the perfor-
mance guarantee holds given a subspace Z1.; at time ¢t = 0, i.e., if we can deter-
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mine the optimal action aj, based on the bounds from Theorem 5] with respect to
Z1.5. We denote such a check by the Boolean function SRG(7, bo, ag.i._ 1, Gk, Z1:k)-

Although the bounds in the above theorems may be computationally expen-
sive or scenario-dependent, they can be computed in parallel with the action exe-
cution and observation collection, thus avoiding additional overhead, which forms
the ezecution-time planning. Fig. [3] illustrates this process of ezecution-time
planning for the specific case when k = 1. The agent checks the SRG with Z; af-
ter the optimal action af) is identified. If SRG holds, i.e., SRG(T, by, aj, a1, Z1) =
true, upon executing action ag and receiving observation z1, the agent only needs
to check if z; € Z; to determine if replanning can be safely skipped. If z; € Z,
the agent can proceed executing a; without replanning; otherwise, replanning is
triggered.

6 Experiments

We empirically evaluate our simplification methodology using practical solvers,
AT-SparsePFT and AT-POMCP. Our experimental setup adopts the SparsePFT
algorithm [I9] and POMCP [24] as baselines. Results show that our approach
preserves optimal decisions while substantially improving computational effi-
ciency, yielding notable reductions in runtime without compromising quality.

We conduct the evaluation on the Beacon Navigation problem, where an
agent is trying to reach a goal while avoiding obstacles under localization uncer-
tainty. The robot receives noisy localization signals from beacons, reflecting real-
world sensing conditions. This domain highlights the core challenge of planning
under partial observability, requiring belief maintenance and informed action
selection. It provides a practical yet tractable benchmark for evaluating belief
space planning simplifications.

Detailed experimental settings are provided in Appendix [X]

6.1 Open-loop Simplification for Planning

Bounds Estimation. We first present results from single-step simulation starting
from a deterministic belief. Fig. [4illustrates the estimated bounds obtained using
our method compared with the @)-value estimated by standard sparse sampling.
These results demonstrate that our proposed method effectively bounds the Q-
value, thereby supporting our performance guarantees.

AT-SparsePFT Simulation Results. We conducted simulations over 10 steps for
the beacon navigation problem, with each simulation repeated 100 times to com-
pute means and standard deviations. Table [I| presents the results, comparing
runtime and cumulative rewards after 10 steps. Our method, AT-SparsePFT,
achieves a significant speedup of approximately 16x while maintaining compa-
rable solution quality. The mean cumulative rewards obtained by our method
closely match those of the standard SparsePFT approach, while providing sub-
stantial computational efficiency improvements. These results validate our claims
regarding POMDP simplification with performance guarantees.
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Q-value Comparison by Action
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Fig. 4: Distribution of estimated bounds. The upper and lower bounds are com-
puted using our proposed method with open-loop simplification, AT-SparsePFT.
The yellow triangle denotes the @-value estimated by the standard SparsePFT.

Method Returns Runtime (s) Speedup Ratio
SparsePFT 12.64 345.9 1.0x
AT-SparsePFT (ours) 12.50 20.66 16.7x

Table 1: Cumulative rewards and runtime of the baseline SparsePFT method
and our proposed method, AT-SparsePFT. The speedup ratio is computed as the
ratio of baseline to proposed runtime. Results are averaged over 100 independent
10-step simulations.

AT-POMCP Simulation Results. We further conduct a comprehensive empiri-
cal evaluation of the proposed method estimated by the MCTS-style estimator
(as introduced in Section on the beacon navigation task over a planning
horizon of 10 steps. Each experimental configuration is repeated 20 times to
compute mean cumulative rewards and standard deviations. The computational
time budget is progressively increased from 50ms to 1s for both the baseline
POMCP method and our proposed approach. As to the progressive topology
adaptation, the topology is set to be adapted every 100 simulations.

Table 2] presents a comparison of cumulative rewards achieved by the baseline
POMCP method and our proposed anytime solver AT-POMCP under the same
computational budgets. Our approach consistently achieves superior cumulative
rewards across all tested time budgets, with improvements ranging from 6.84%
to 10.24%. Given that the beacon navigation domain exhibits a sparse reward
structure, these improvements in average cumulative rewards are noteworthy
and statistically meaningful.

To assess the computational advantage of our approach, we compare the
runtime required for the baseline POMCP algorithm and the proposed method
when both achieve similar mean cumulative reward. Table [3| reports the ex-
perimental results: the baseline attains an average return of 7.456 after 2.5s of
computation, whereas our method reaches a slightly higher return of 7.533 in
only 0.05s. This corresponds to an approximately 50x speedup. The dramatic
reduction in runtime while preserving reward quality validates our claim of the
open-loop simplification of POMDP planning which yields substantial efficiency
gains while preserving quality.
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Time Budget 50ms 80ms 100ms 300ms 500ms 1.0s
POMCP 6.988 £0.352 7.082£0.270 7.030£0.165 7.14£0.229 7.1540.284 7.347£0.277
AT-POMCP (ours) 7.533 + 0.481 7.566 + 0.533 7.698 + 0.494 7.825 + 0.655 7.883 + 0.353 8.018 + 1.526
Improvement 7.80% 6.84% 9.52% 9.57% 10.24% 9.12%

Table 2: Cumulative reward comparison across computational budgets. Results
are reported as mean + standard deviation over 20 trials.

Method Returns  Runtime (s) Speedup Ratio
POMCP 7.456 £ 0.276 2.5 1.0x
AT-POMCP (ours) 7.533 £ 0.481  0.05 50

Table 3: Runtime comparison between the baseline POMCP and the proposed
AT-POMCP when operating at the same performance level (average cumulative
reward). The speedup ratio is computed as the baseline runtime divided by the
proposed method runtime; returns are averaged over 20 independent trials.

Table [3] demonstrates that our algorithm not only yields higher cumulative
rewards but, more importantly, converges at a markedly faster rate than the base-
line POMCP. The reward attained by the proposed method after merely 50 ms
of computation would require roughly 2500 ms for the baseline to match—an ap-
proximately 50x acceleration in convergence. This pronounced speedup provides
strong empirical evidence that the convergence rate of the simplified POMDP
planner is dramatically superior, while simultaneously delivering equal solution
quality. Consequently, the results support our theoretical analysis that our pro-
posed open-loop simplification leads to improved planning efficiency in the online
anytime solvers.

6.2 Experiments on Skipping Replanning

This section evaluates the effectiveness of our proposed framework in skipping re-
planning while preserving performance guarantees. We demonstrate this through
a specific scenario, tunnel navigation, and show that skipping replanning is both
feasible and safe. In this setup, similar to the beacon navigation problem, the
agent navigates through a tunnel to reach the goal with noisy observations from
beacons. We consider a positive reward function here. This scenario exemplifies
a typical setting for open-loop planning, as previously explored in [6].

Fig. [f] illustrates the process of verifying the proposed framework of skipping
replanning with formal guarantee. Using our proposed framework to safely skip
replanning, at ¢ = 0, the optimal action a§ can be identified and the future action
a} can be provably determined for all possible future observations z; € Z;, where
Z, includes the four most likely observations.

Table [ summarizes the results of our skipping replanning method. We com-
pare AT-SparsePFT with and without our skipping replanning method. Our
method successfully skips replanning in 24% of the steps while maintaining per-
formance guarantees. The cumulative reward obtained by our method is almost
identical to that of the method without skipping replanning due to the stochastic
properties of the simulations, thereby validating the performance guarantees of
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Fig.5: Skipping replanning with guarantees: (a) Planning with the proposed
adaptive open-loop simplification at ¢t = 0. It shows ub(7, bg, ag) and Ib(t, by, ag)
for different ag. af is identified. (b) Bounding Q* (b1, a1) at ¢ = 0 for any posterior
belief b; that corresponds to future observations in Z;. The figure shows ub" and
Ib" defined in Theorem [5| Here a} can be provably determined at ¢ = 0 for all
realizations of the future observation z; in Z.

Method Returns Skipping Replanning Ratio
AT-SparsePFT w/o Skipping Replanning 235.7 0%
AT-SparsePFT w/ Skipping Replanning  231.3 24%

Table 4: Comparison of cumulative rewards and the ratio of steps where replan-
ning can be safely skipped with performance guarantees. Results are averaged
over 100 independent 5-step simulations.

our approach. The skipping ratio serves as a key metric, highlighting the effi-
ciency gains of our framework at the overall execution level, in addition to the
planning-level simplifications introduced in Section [

7 Conclusions

In this paper, we introduced a novel framework for adaptive open-loop simplifica-
tion of POMDPs, enabling a significant reduction in computational complexity
while maintaining formal performance guarantees. By leveraging a topology-
based belief tree, our approach adaptively interleaves open-loop and closed-loop
planning, providing efficiently computable bounds that guarantee identification
of the optimal action in the original POMDP. We propose practical solvers
for our adaptive simplification, AT-SparsePFT and AT-POMCP. Furthermore,
we proposed a principled method for safely skipping replanning, supported by
theoretical guarantees on multi-step open-loop action sequences. Empirical re-
sults demonstrate substantial speedup with provable guarantees, highlighting
the practicality of our approaches.
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